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Abstract. In this paper, we introduce the frame property of complex sequence sets
and study the uniform convergence of nonlinear mapping series in S-dual of spaces
consisting of multiplier convergent series.

Keywords.  Multiplier convergent series; mapping series.

1. Introduction

LetK € {R,C}, 2 € CNand (X, || - ||) be a Banach space over K. A series 27021 xjinX
is said to be A-multiplier convergent if the series Z;il tjx; converges for each (¢;) € A.
For example, {0, 1}N-multiplier convergent is just the subseries convergent: Y e X
converges for each j; < j» < --- and [°°-multiplier convergent is just the bounded
multiplier convergent: Z;’OZ | tjx; converges for each bounded complex sequences (z;),
where [ = {(¢)) € CcN . sup ey |2 < 400}

There are many results about multiplier convergent series, see, for example [1, 4, 6-8].
Now, we only list a famous one which is known as Orlicz—Pettis theorem [7]: a series
Z?O:HC,/' which is subseries convergent in the weak topology is actually subseries
convergent in the norm topology.

We denote the vector-valued sequence set consisting of A-multiplier convergent
series by

oo
MCy(X) = { (xj) € XN thxj converges for each (t;) € A
j=1

As we know, the study of B-dual of sequence spaces is an interesting topic in analysis
[2, 3, 6]. For topological vector space E, the B-dual of M C) (X), which drop the linearity
restriction on mappings [2], is denoted by

o
MCA(X)ﬁE: (Aj)gEX:ZAj(xj)convergesforeach (x;))eMC(X);.
Jj=1

67



68 Hao Guo and Ronglu Li

In this paper, we study an important problem on S-dual of spaces consisting of mul-
tiplier convergent series, that is, for mapping series (A;) in B-dual of MC) (X), we
determine the largest . C 2M©-(X) for which ZCIX):I Aj(x;) converges uniformly with
respect to (x;) in any M € .#. Moreover, in the last section we give some applications
for mapping series.

2. The space of multiplier convergent series

First, we define the frame property of complex sequence set A, which is important in
studying multiplier convergent series.

DEFINITION 2.1

The sequence set A € CN is said to have the frame property, if there is a nonempty subset
Ao € A such that the following hold. Moreover, X is said to be a frame subset of A.

(1) For every integer sequences my < ny < mp < nz < ...and (f;) € Ao, k € N, there

exists a f9 € C, define t; = tx; when my < j < ng,k = 1,2,..., and otherwise
tj = to. Then (;) € A.
(2) For every (tj) € A, there exist finitely many ay, as, ..., a, € Kand (s1;), (s2;), ...,

(8nj) € Ao, such that (¢;) = Z?:l a; (sij).
(3) Forevery i € N, there exists (#;;) € Ao such that#; # 0.
(4) Forevery i € N, there exists b; > 0 such that |#;| < b; for all (¢;) € Ao.

The following examples, which are related to the subseries convergent series
MC 4 1yn(X) and bounded multiplier convergent series M Cj (X), indicate that {0, N

and [*° have the frame property:
Example 2.1. {0, 1}N < CNis a frame subset of itself.
Example 2.2. Bj~ = {(t;) € CcN . sup e |7j| < 1} is a frame subset of [*°.
If A has a frame subset Ag, for each (x;) € M C;(X), denote
Dl = sup | D" 1jx;
(tj)ero.neN |72
Before the study of || - [|5,, we need a proposition of frame subset.
PROPOSITION 2.1

Let (xj) € xN. If X has a frame subset Lo, and (x;) € MC)(X). Then Ziozl Lix;
converges uniformly for all (tj) € Ao.

Proof. Suppose that the convergence of Z?o:] tjx; is not uniform for (¢;) € A9 C A,
that is, there is an ¢ > 0 such that for every mo € N we have m > mg and (s;) € Ao
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for which || Z;’O:m sjxjll > €. Hence, there exist m; > 1 and (f1;) € Ao such that
I Z;)im| f1jx;jll > . Since there is an ny > m such that || Z?inﬁ—l njxjll < e/2, we

have that || Zl}l:m. t1jxjll > /2. By induction we get an integer sequence m; < ny <

my < np < --- and {(#;) : k € N} C Ao such that || Z;”‘:mk tjxjll > /2 forall k € N.
By Definition 2.1(1), there is a fp € C. Let
tkj, mp =< j=<n,k=12...,
lj= :
ty, otherwise.
Then (1;) € A. However, } 72 t;x; diverges. O
Now, if A has a frame subset Ag, we will prove that || - ||, is a norm on MC; (X),

moreover, (MC; (X), |l - lx,) is complete.
Theorem 2.1. (MC; (X), || - llx,) is a Banach space for each frame subset Ay of A.

Proof. Lete > 0 and (x;) € MCy(X). By Proposition 2.1, there is an ng € N such that
[I Z?’:n tjxj| < eforalln > m > ng and (¢;) € Ap. It follows from Definition 2.1(4),
fori = 1,2,..., np, there exists b; > 0 such that |t;|] < b; for all (¢;) € Ao. Hence,
I Z;f:l tixjll < 270:1 bjllxjll+¢ foralln € Nand (1;) € A, thatis, |- ||, : MC(X) —
[0, +00).

It is easy to verify that (x;) + ()llxy < 1Gplg + 1))y and rGep)llz, =
[£]11(x ) g - Next, if [|(xj) I, = O, then Z;'.:l tjx; = 0foralln € Nand (¢;) € A9. By
Definition 2.1(3), fori € N, there exists (t;;) € Ao suchthatt; # 0.Pickn =1,11x; =0
implies that x; = 0. Moreover, pick n = 2, to1x1 + t22x2 = 0+ t22x2 = 0, then xp = 0.
By induction we have that (x;) = 0. It was proved that || - |;,, is a norm on M C; (X).

Let (x,;), n € N be Cauchy in (MC;.(X), || - |5,). Hence, there exists an mo € N such
that || lezl tjXnj — Zﬁ:l tixmjll < e/3foralln > m > mo, k € Nand (¢;) € Ap. Since
X is complete, there exist yx, ;) € X and n; € N such that

k
D tixej = yiap|| < €/3.¥n > ni k €N, (t)) € Ao (1)
j=1

By Proposition 2.1, for every n € N, there exists kg € N such that || Z’;Zl LjXpj —
Zle tjxnjll < &/3forallk > p > ko and (1) € ho. Pickn > n1, |ye.;) — Yp.ipll < &
forall k > p > ko and (¢;) € Ag. Since X is complete, Yk, (t;) converges uniformly for
(tj) € Ao, when k — +o00.

By Definition 2.1(3), for i € N, there exists (t;;) € Ao such that #;; # 0. Hence,
[t 1 Xni = mi | <11 D252 1 Gonj — X)) |+l le_:ll tij(Xnj — xmj)|l <2¢/3 foralln >
m > my. Since X is complete, there exists an (z;) € XN such that lim,, ||x,,j —-zjll=0
forall j € N.

Let (zj) € Ao and k € N be arbitrary. There is a ny > nj such that ||x,; — z;|| < ¢ for
alln > nyand j = 1,2, ... k.Hence, || Y5_ ;27 — yiupll < 11 25— 1z —xap) | +

I Zl;:l tiXnj = Ye.apll < (Z§=1 [£j])e 4 &. This implies that Zl;:l 1j2j = Yk forall
(tj) € Ao and k € N. By (1), limy, [|(x,;) — (z;)llx, = O.
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Finally, let (¢;) € A. By Definition 2.1(2), there exist aj,az,...,a, € K and
(1)), (527)+ - (saj) € Ao, such that (t;) = !, a;(sij). Hence, Y5_ 1;z; =
D i1 @i Yk, (sij)- Since Yg (s;;) converges when k — +o0, we have that (z;) € MCy(X).
Now, we prove that M C) (X) is complete. U

3. Main theorem

In the following sections, we only care about the A which has at least one frame subset
Ao, for example, A = {0, 1}N or [*°, etc. First, we discuss the totally bounded subsets
of (MCy.(X), || - Iln,), Where Aq is any frame subset of A. Recall that a subset B of a
topological vector space E is totally bounded or precompact if for every neighborhood U
of 0 € E there is a finite subset F* C E such that B C F + U (p. 83 of [9]).

PROPOSITION 3.1

Let M be a totally bounded subset of (MC;(X), |l - llx,)- Then lim, || Z?o:n tixjll =0
uniformly for (xj) € M and (t;) € A.

Proof. Let ¢ > 0 be arbitrary and let U = {(u;) € MCy(X) : [[(uj)llr, < &/3).

Since M is totally bounded, there is a finite subset F' = {(z;;) : i = 1,2,...,n} C
MC, (X) such that M C F + U. By Proposition 2.1, there exists an ng € N such that
I Z’}zm tjzijll < e/3 forall n,m > ng,i = 1,2,...,n and (t;) € ro. Moreover,

—1
I Z;l:m tiujl < | Z?:l tiujl + | 21}1:1 tiujll < 2e/3 forall n,m > ng, (uj) € U
and (t;) € Xo. Hence, || Z?:m tixjll < | Z’}:m tizigill + |l Z’}:m tiuj| < & for all
n,m > ng, (x;) € M and (¢;) € Ao.

However, the converse is not always true.

Example 3.1.Let M = {(kx,0,0,...) : k € N} where 0 # x € X.Infact, M € MC,(X)
and lim,, || Z?‘;n tjx;|l = O uniformly for (x;) € M and (¢;) € Ag, but there is a (#1;) €
Ao such that 11 # 0. Pick (x;) = (kx,0,0,...) € M, we have [|(x;)[, = kllt11x|.
Hence, M is not totally bounded.

Now, based on the proposition of totally bounded sets, we characterize the uniform
convergence of mapping series in 8-dual of M C; (X).

Theorem 3.1. Let M C MC, (X) and Ao be a frame subset of L. Then the following are
equivalent:
(D lim, || Z;’O:n tjxjll = O uniformly for (x;) € M and (t;) € Ao.

(I) For every Fréchet space E and (Aj) € MCA(X)ﬂE, Z?’;l Aj(xj) converges
uniformly for (x;) € M.

Proof.

(I) = (). If (II) fails, there is a Fréchet space (E, p(-)) and (A;) € MCy(X)PE such
that the convergence of Z?o:] Aj(x;) is not uniform for (x;) € M. Hence, there is an
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& > 0 such that for every mp € N we have n > m > mg and (x;) € M for which
P, Ajx)) > e

By (I), there is a j; € N such that || Z?’;n tjzjll < 1/2forall (z;) € M,n > j; and
(¢j) € Xo. Then, there existny > my > jiand (x1;) €M suchthatp(Z'}lzml Aj(x1j))>¢
and || Z;":ml tix1jll < 1/2 for all (¢j) € Ao. Pick j» > ny for which || Z;‘;n tizjll <
1/22 for all (zj) € M,n > jp and (t;) € Ag. Then, there exist ny > my > j» and (x2;) €
M such that p(3-72, Aj(x2))) > e and | 2, 1jx;] < 1/2* for all (t)) € Ao
Continuing this construction produces an integer sequence m; < n; < mp < ny < ---

and {(xz;) : k € N} € M such that

ng nk
p Z Aj(xxj) | > ¢ and Z tixij|| < 1725, V(t;) € ro, k € N,

Jj=my Jj=my
Let

Xgj, mp < j=<ngk=12,...,
Xj= .
0, otherwise.

For every (¢;) € A, it follows from Definition 2.1(2) that there exist ay,ap, ...,
a, € K and (s1), (s27),...,(snj) € Ao such that (t;) = Z?:l a;(sij). Hence,
YILitxg = Y@ Yoy L, Sijxkj- Since DR, 1/2¥ = 1 and X is com-
plete, Z,fil Z;”‘:mk sijxkj converges for eachi = 1,2,...,n. Then, (x;) € MC;(X).
However, Zj’i 1 Aj(x;) diverges which contradicts (A;) € MCy (X VAE .

(II) = (D). If (I) fails, there exist e > 0, m; <ny <mp <ny <---,{(xxj) : k €e N} C
M and {(#;) : k € N} C Ao such that || Z'J“‘:mk trjxgjll > e forall k € N.'

For each j € N define A; : X — MC5.(X) by A;(x) = (0,....0, %0, ...) for all
x € X. Forevery (x;) € MC;(X), it follows from Proposition 2.1 that

lim DA = (x))

j=1

lir{n 1CO,...,0, Xpq1, Xnt2, .- 2) llng
*o
n+k

= lim  sup Z tixj| =0.
T (t;)erg.keN |
J ’ j=n+1

Then, (A;) € MC(X)PE, where E = MC,(X) is a Banach space. However,

ng
DA =100 0, Xk ey ) D
Jj=mj *0
mi—+n ng
= sup thxkj > thxkj > &.

(tj)erp.neN j=mp =y

This contradicts (II). [l
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4. Applications

Let X, Y be Banach spaces, A € CN which has a frame subset Ao, and

o
Moo= M S MC;.(X) : hign I thx]llzo uniformly for (x;) € M and (¢;) € Ao

j=n

By Proposition 3.1, any totally bounded subset of M Cj (X) belongs to .Z), j,.

The Banach—Steinhaus theorem says that if the linear operator 7,, : X — Y is con-
tinuous and lim, 7,(x) = T(x) ateach x € X, then T : X — Y is also linear and
continuous. Moreover, lim, T, (x) = T (x) uniformly for x in any totally bounded subset
of X (pp. 299-300 of [5]).

In general, the Banach—Steinhaus theorem fails to hold for nonlinear mappings.
However, from Theorem 3.1, we directly have the following.

Theorem 4.1. If (A;) € MC, (X)PY and fulxp] = Z?‘:l Aj(xj), flx)] =
Z?o:l Aj(xj) for (xj) € MCy(X). Then lim,, f,[(x;)] = f[(x;)] uniformly for (x;) in
any totally bounded subset of M C) (X).

COROLLARY 4.1

If (Aj) € MCy(X)PY and A; is continuous, then ((Aj), (x;)) = Y521 Aj(x;) defines a
continuous mapping ((A;), ) : MC,(X) — Y.

Proof. Suppose that (x;.’”) — (xj) in MC;(X) when n — 4o00. By Definition 2.1(3),
for every k € N, there exist (fj) € Ao such that fx # 0. Hence, ||tkk(x,§") — x| <
IS g 8 = xpll + 1252 iy e = 2l = 2068 = @l — 0. that
is, lim, x;" = x; for all k € N. So lim, >7_ A;(x{") = Y/, A;(x;) for all
j
that lim,, Z?‘zl A j(xj.")) = Z?’;l A j(xj.")) uniformly with respect to n € N. Then,
lim, Y52, A j(x;")) = lim, lim, Y7_, A j(xj.”)) = limy, lim, Y7, A j(x;”)) —
limy, 3201 Aj(x)) = 2002, Aj(x)). O

m € N. Since {(x ")) : n € N} is totally bounded, it follows from Theorem 4.1

Finally, we suppose that A satisfies the following condition: for any (¢;) € A and j; <
Jo<---,let
ti, Jj=jk=12...,

1) = , )
0, otherwise.

Then (¢;) € A. For example, A = {0, 1}N or [*°, etc. Then by the Orlicz—Pettis theorem
and Theorem 3.1, we can get the following.

Theorem 4.2. If (A;) C YX such that A;j(0) =0 forall j € Nand Zjozl Aj(xj)
converges weakly at each (x;) € MCy(X). Then chx’: 1 Aj(x;) converges uniformly for
(x}) in any totally bounded subset of M Cy (X). '
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Proof. Forany (x;) € MC;(X), (tj) € Aand ji < jo <---,let (t}) by (2) and

Xj, j=juk=12,...,
uj =
0, otherwise.

Hence, 377y tjuj =3 tjxj = >_j_ t}x; converges whenn — +o0. Then (u;) €
MC;(X) so Z?’;l Aj(u;)is weakly convergent. Since A ;(0) = Oforall j € N, it follows
from > ), Aj (xj,) = ']/:"=1 Aj(uj) that Y 2 Aj (x;,) is weakly convergent. By the
Orlicz—Pettis theorem, Zj’;l Aj(x;) convergesin Y. Hence, (A;) € MCy(X yAY (I
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