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SECTION – A 

Answer all the questions:         52=10 

 

1. Show that every countable set has measure zero. 

2. Given an example of a function such that     is measureable but   is not. 

3. When do you say a function     defined on        is Riemann integrable. 

4. Write any two examples of functions that are strictly convex on   . 

5. Define mutually singular measures. 

 

SECTION – B 

Answer any five questions:        56=30 

 

6. Prove that every interval is measurable. 

7. Let    be a measurable set of positive measure and let    [           ]  Show 

that    contains an interval (–   ) for some      

8. Let   and   be non-negative measurable functions. Prove that    

∫    ∫    ∫        . 

9. Let   be a signed measure and let     be measures on [[   ]], such that       are 

  finite,     and    , then prove that
  

  
 

  

  
 
  

  
[ ]    

10. Prove that every function convex on an open interval is continuous. 

11. Let {  } be a sequence of measurable functions such that         where g is integrable and 

let            .  Prove that     is integrable and    ∫     ∫     

12. Prove that a countable union of sets positive with respect to a signed measure   is a positive 

set. 
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SECTION – C 

Answer any three questions:       320=60 

 

13. (a) Prove that the outer measure of an interval equals its length. 

       (b) Prove that if         then E is measurable if, and only if, for every     , there  

             exists disjoint finite intervals         such that      ⋃   
 
      . 

 

14. (a) Let   be any real number and let   and   be real valued measurable functions defined on  

      the same measurable set  . Prove that                      and     are also  

      measurable. 

       (b) If   is a measure on a           then prove that the class  ̅ of sets of the form     for  

             any sets     such that     while   is contained in someset in   of zero measure, is a   

                     and the set function  ̅ defined by  ̅           is a complete measure  

             on  ̅. 

 

15. (a) State and prove Fatou’s lemma. 

       (b) Let    be a bounded function defined on the finite interval [   ]. Prove that    is  

             Riemann  integrable over  [   ] if,  and only if,  it is continuous    . 

 

16. (a) If       and {  } is a sequence in       such that                      ,  

     then prove that there exists a function f and a subsequence {  } such that 

           
       . Also prove that          and                   

       (b) If {  } is a sequence of measurable functions which is fundamental in measure then  

             prove that there exists a measurable function f such that      is measure. 

 

17. (a) Let   be a signed measure on [[   ]]. Let     and         Prove that there  

      exists  , a set positive with respect to  , such that     and         

       (b) State and prove Lebesgue Decomposition theorem. 

 

      
 

 

 


