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Abstract. The paper is first in the sequel of investigation of Hilbert pro-
C*-modules. The main objective of the current paper is to develop the tools
for operators on a locally Hilbert space. We remove the bottleneck to de-
fine the compact operators on a locally Hilbert space by avoiding the spatial
intervention of mapping bounded sequences to the ones having convergent sub-
sequence. This is at the cost of losing the simplicity of K(H). We also define
the classes of algebras of operators, like trace class, Hilbert Schmidt operators,
Schatten class operators in general, and compact operators. All of these are
complete Imc *-algebras. In passing we develop the polar decomposition of an
operator on a locally Hilbert space.
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1. Introduction and preliminaries

A topological algebra is a topological vector space A, which also has a ring
multiplication compatible with the vector space operations such that the ring
multiplication is jointly continuous. A topological algebra with a continuous
involution x € A — x* € Ais a topological *-algebra. A locally m-convex *-algebra
(Imc *-algebra) is a topological *-algebra, the topology of which is generated by
a separating family ['(A) of submultiplicative *-seminorms. An lmc-algebra A
is called proper if for x € A, Az = 0 implies + = 0. For p € ['(A), N, =
{z € A: p(x) = 0} is a closed *-ideal of A. A, denotes the completion of
(A/ Ny, Il - llp)s where [l + Nylll, = p(@), @ € A. Ty : A = Ay, (@) =2+ N
is a continuous *-homomorphism. We denote z+ N, by z,,. A seminorm p on A is
a C*-seminorm if p(z*z) = p(x)?. A pro-C*-algebra is a complete lmc *-algebra,
the topology of which is generated by a family of C*-seminorms. In this case, the
family of all continuous C*-seminorms is denoted by S(A) and for each p € S(A),
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A, =A/N, [9]. For p < q, mp, : A, = A,, defined by 7y, (x,) = , is a surjective
C*-morphism. From [9], A = Jim Ap. A pro-C*-algebra is said to be simple
pES(A)
if {0} and A are its only closed ideals. An element z of a pro-C*-algebra A is
called positive if © = 2* and sp(z) C [0,00), where sp(z) denotes the spectrum
of 2. Also, we denote |z| = (z*z)"/2. In the set up of non-normed topological *-
algebras, inverse limits of C*-algebras have been extensively studied by Phillips
[9], Fragoulopoulou [4], and Bhatt and Karia [1], [2], [3] and Karia [7] under
various names like inverse limits of C*-algebras, locally C*-algebras and pro-C*-
algebras. Basically the objects of a pro-C*-algebra are unbounded. A locally
m-convexr H*-algebra is a locally m-convex algebra whose topology is generated
by a family I'(A) of submultiplicative seminorms each of which is induced by a
pseudo inner product, i.e., for all p € I'(A), there exists a pseudo inner product
(-,+)p such that p(z)* = (z,), and for any = € A there is an z* € A such that
(xy, 2)p = (y,°2)p, (yz,2), = (y,22"), for every y,z € A and p € I'(A). The
element z* (not necessarily unique) is called an adjoint of x. If A is proper, then
x* is unique and the correspondence z — z* (on A) defines an involution on A [5,
Theorem 1.3]. For a complete locally m-convex H*-algebra A, A,, p € I'(A4), is
a proper Banach algebra, having therefore a continuous involution. In this case

A= lim A, [5, Theorem 2.3]. Locally m-convex H*-algebras are investigated
pel(4)
by Haralampidou [5].

In the case of pro-C*-algebra A, the representation of A into bounded linear
operators is disadvantageous losing a lot of information of elements of such an
algebra due to their inherent unboundedness. For this reason, [3] develops the
representation theory of pro-C*-algebras into unbounded operators. Realizing
a pro-C*-algebra A as an inverse limit of C*-algebras, representation theory of
pro-C*-algebra A has been studied by Inoue [6], embedding A into a closed *-
subalgebra L(H) of all operators on a locally Hilbert space H. Throughout this
note H will denote a locally Hilbert space and H will denote a classical Hilbert
space and BL(H) will denote the classical operator algebra of all bounded linear
operators on H. While investigating the Hilbert pro-C*-modules in our further
program, we need to develop certain concepts in L(H). We do it in this paper.
We investigate L(H) in Section 2 and decompose the operators in L(H), using
Arens-Michael decomposition, making them more friendly with the inverse limit.
In doing so we also repair a gap found in Arens-Michael decomposition of L(H) in
[4, Remarks(i), pp. 107-108]. In literature the Hilbert C*-modules over K (H),
the C*-algebra of compact operators on a Hilbert space H, have found many
applications. Many results from the theory of Hilbert C*-modules over K (H)
have been proved using the theory of Hilbert modules over the H*-algebra €*(H),
the algebra of Hilbert Schmidt operators on a Hilbert space H. We extend the
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idea of compact operators in Section 3, that also includes the atomic part of
compact operators viz. the rank one operators and minimal projections in the
set up of locally Hilbert spaces. In Section 4 we obtain the polar decomposition
of an operator on a locally Hilbert space by exploiting the inverse limit system.
Finally, in Section 5 we introduce the Schatten class operators and recapture the
classical inclusion of finite rank operators sitting in Schatten class-1, trace class
operators, which in turns sits in Schatten class-2, the Hilbert Schmidt operators.
Continuing this program, in the sequel we intend to investigate Hilbert pro-C*-
modules over K (H) and ¢*(H), orthogonality preserving mappings on a Hilbert
pro-C*-modules, Wigner’s theorem for Hilbert pro-C*-modules.

2. The Algebra L(H)

We denote the norm on the Hilbert space H by || - ||,, and the operator norm
on BL(H) by || -||. Let A be a directed set and for each a € A, let H, be a
Hilbert space with inner product (-,-),. We assume that the family {H,}aeca of
Hilbert spaces satisfies H, C Hp and (-, )o = (-, -)p on H, whenever a < f. Fix
H = U,eaHa, a vector space with the following topology.

Definition 2.1. [6] X C H is closed in H if either X = H or there exists o € A
such that X is closed in H,. H, topologized in this way, is called a locally Hilbert
space.

It is known [6, Lemma 5.1] that the topology described above is making H a
Ty topological space. H is nothing but the inductive limit of {H, }aea-

For a linear operator T' : H — H, Tjy, is denoted by T, for every a € A.
For o« < 3, H,, being a closed subspace of Hg, gives rise to an orthogonal
projection P,p from Hg onto H,. In what follows by an operator on H, we mean
a continuous linear 7' : H — H satistying P,373 = 13P,3 whenever a < 3. The
class of such operators is denoted by L(H); that is, L(H) ={T : H — H : T is
continuous, linear and P,3T = T3 P,p, whenever a < }. The point here is that
H,, as well as H} in Hy are invariant under T whenever a < 3. Consequently,
T € L(H) if and only if

(1) T, € BL(H,) for each o € A,

(2) Ho reduces Ty for every a < f3; i.e., H, and HL (in Hp) are invariant

under 7jp.

The following is proved in [6, §5]; we provide the undocumented part of the
proof, this includes mainly the completeness of L(H).

Theorem 2.2. L(H) is a pro-C*-algebra with the topology generated by the fam-
ily of seminorms po(T) = ||T.||,, where || - ||, denotes the operator norm on

BL(H,).
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Proof. Let T € L(H). Since T, € BL(H,), T € BL(H,) for every a € A.
Since Pugls = TpPup for a < B and P,p is a projection, we get T3 Pog = PogT}
for o < 3. Consequently, Tj(Ha) C H, for every a < . For § and n € H, we
have,

(T5),m)s = (&, Ts(n)s = (§, Ta(n)a = (T5(); Ma-

Therefore, Tj;(¢) = T;(§) for each { € H,. This defines the involution 7' €
L(H)w— T* € L(H). Since || - ||, is a C*-norm on BL(H,), we conclude that p,
is a C*-seminorm on L(H) for each o € A.

To prove the completeness of L(H), let (7});cr be a Cauchy net in L(H) and
a € A. Then (T = Ty, )icr is a Cauchy net in BL(H,). Since BL(H,) is
complete, there is T{o) € BL(Ha) such that ||T;, — T(o||, — 0. Thus, for each
a € A we have T(,) € BL(H,). Now, let a,3 € A be such that o < 8 and
¢ €M, Then

(2.1) PopTig)(€) = lim PagTig(€) = lim Tig P () = Tig) Pas(€)-
So, this defines T € L(H) such that T, = T(o) and po(T; — T) — 0 for every
a € A. Thus, T; — T. Therefore L(H) is complete. ]

We record here that T' € L(H) — T, is a *-homomorphism for every a € A.
By [9] L(H)y, = L(H)/N, is complete for every a € A, where N, = kerp,.

Consequently, L(H) = lim(L(H)a, ||| - o), where ||| + Nullla = pa(T).
acl
Proposition 2.3. (L(H)a, ||| - |lla) is isometrically *-isomorphic to a closed *-

subalgebra of BL(H,) for every o € A.

Proof. Clearly, for each o € A, the map 6, : L(H), — BL(H,), defined by
0a(T 4+ No) = Tin,,, (T € L(H)) is a *-isomorphism satisfying |0 (17" + Na)||, =
| Tall, = Pa(T) = ||T + Nal||o for every o € A. [

Regarding L(H), as a closed subalgebra of BL(H,), now onwards we shall
denote T'+ N, as T, itself and ||| - |||« as || - ||,,-

In [4, Remark (i), pp 107-108], it is proved that L(H) = lim BL(#,) up to a
%

topological *-isomorphism. The result has, in fact, a gap. An inadvertent error

in the proof claims that the above map 6, is onto for each @ € A. The following

provides a counter example to this showing that the map 6, is not surjective in
general.

Example 2.4. Let H; = C x {0} x {0}, Ho = C* x {0} and H3 = C>. Then
H; C Hy C Hz and H = UL, H; is a locally Hilbert space. Clearly H = C? as
a vector space. We first describe L(H). Let (z,y,2) € C3. Then (z,y,2) =
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2(1,0,0) + (0,1,0) + 2(0,0,1). Fix T € L(H). Assume that T(1,0,0) =
(a,b,¢),T(0,1,0) = (d,e, f) and T(0,0,1) = (g, h,i). Then T(z,y,2) = (ax +
dy + gz,bx + ey + hz,cx + fy +iz). Now,

(aas + dyv bx + €y, cx + fy) = T3P23<x7y7 Z)
- P23T3<17,y,2)
= (ax + dy + gz,bx + ey + hz,0).

Hence, gz = 0,hz = 0 and cx + fy = 0, giving ¢ = h = 0. Similarly, from
PioTy = Ty P, we get d = b= 0. Therefore, T'(x,y, z) = (ax, ey, iz). Thus,

LH)={T:C*—= C®:T(z,y, 2) = (az,by,cz);a,b,c € C}.

Let S € BL(#H2) be defined by S(z,y,0) = (y,,0). If 65 : L(H)y — BL(H>) is
onto, then there exists 7' € L(H) such that Ty = 05(T + Ny) = S and Ty, =
Sp, = Th. But Ty(2,0,0) = (0,2,0) € Hi, a contradiction. Thus, 6, cannot be
onto.

Let « € A. Set £, = span(Us<aHp) and K, = (L,)* in H,. Clearly,
Ho = Lo ® K. Also notice that for any v < a, K, is a closed subspace of
L. Therefore, ®,.,K, = M, (say) is also a closed subspace of £,. Thus,
L, =My ® Ts, where J, = MZ in L,. The following is straightforward

Lemma 2.5. For any a € A, Ho = My D To @ Ko
Theorem 2.6. Let T' € L(H). Then for any o € A, T,, = T, = TM ST ®TF,

where TM = Time, T = 7. and Ty = Ko -

Proof. First we show that T keeps I, invariant for every a € A. Indeed let
a € A and £ € H, Then & =M @ X @ ¢, where €M € M, &8 and ¢7 € 7.
Since T is continuous and for any S < «, Hs is a reducing subspace of H,
with respect to T,, we have T,(M,) C M,, T,(K,) C K,. Consequently,
T(Js) C Jo. Thus,

To(§) = Tu(&' @ &7 @ &)
= To(&) @ Tu(&]) @ Tu(&7)
= (T e T & T7)().
This completes the proof. [ ]

Remark 2.7. In view of [6, Theorem 5.1] we can assume that J, = {0} for all
a € A. Consequently, we have the following.

Corollary 2.8. For any a € A, Ho = M, & Ky = &< K.

Summarizing all the above, we have the following.
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Theorem 2.9. Let T € L(H). Then T = @veATf and for any o € A, T, =
T ® TS = ®y<all, where T = T, and T = Tik,,.

3. The Algebra K(H)

For a Hilbert space H, F'(H) denotes the set of all finite rank operators on H,
and K (H) denotes the set of all compact operators on H. It is known that F(H)
is dense in K (H). We use this to define compact operators on a locally Hilbert
space H. We denote the class of finite rank operators that is, the operators
having finite dimensional range, on H by F(H). It is evident that F(H) is a *-
ideal of L(H). Suppose that E € L(H) be a rank one operator. By Theorem 2.9,
E = ®enEl with exactly one Ef # 0. Since R(E§) C R(E), there exist
&s,Mp € Ky such that Ef = & @ ng. Thus, pa(E) = |55 05l if B < a,
otherwise zero. Conversely, it is easy to see that given an a € A, and &,, 1, € Ka,
the linear map &, ® n, : H — H defined by

£a ®1a(C) = (CasNa)aba, (C € H)

is of rank one and continuous, commuting with all Pg,, for all 5, v € A with
B < . Here (, is the component of  in K.

The following is apparent.
Lemma 3.1. Let &,,&,, 00,1, € Ko and T € L(H). Then the following hold.

(1) (§a ®@&L)(Ma @ 1) = (Nar §a)alEa @ 1))
(2) (goz ® na)* = o @ &a-

(3) T(€a ®@na) = T(&a) ® Na-

(4) (504 ® %)T =8 ® T*<7704)'

Remark 3.2. For a unit vector &, € K,, & ® &, is a rank one projection.
Conversely, for each rank one projection E, there exists a € A and a unit vector
€o € Ky such that F = ¢, ® &,.

Theorem 3.3. F(H) is linearly spanned by the rank one projections.

Proof. If T € F(H), then there exist aj,as,...,q, such that T = @iSanp
where TS € BL(K,,). Since R(TL) C R(T) for all i < n, T is a finite rank
operator on Hilbert space Ky, for all i < n. By [8, Theorem 2.4.6] T is linearly
spanned by rank one projections on K, for all © < n completing the proof. =

We define K(H), the set of compact operators on a locally Hilbert space, to

be F(H). Since addition, scalar multiplication, multiplication and involution are
continuous in a pro-C*-algebra, K(H) being a closure of an ideal, is a closed

*-ideal in L(H). Let « € A and K(H), = K(H)/(N,N K(H)). Then it is
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easy to see that K(H) = {iinK(H)a and that K(H), C K(Ha) via Oa k)., for

every o € A. We know that the C*-algebra of all compact operators on a Hilbert
space is simple, but in case of locally Hilbert space it is not true. The example
is provided below.

Example 3.4. Let H be as in Example 2.4. Then clearly K(H) = L(H).
Consider [ ={T € L(H) : T(z,y,z) = (az,by,0),a,b € C}. Then I is a closed
*-ideal of L(H). It is also proper as rank one projection (0,0,1) ® (0,0,1) & I.
Therefore, K (H) is not simple.

Along the line of C*-algebra following [8], we define a minimal projection in
a pro-C*-algebra.

Definition 3.5. Let A be a pro-C*-algebra. A nonzero e € A is said to be a
projection if e = e* = 2. Further, it is called a minimal projection if eAe = Ce.

Theorem 3.6. Let A be a pro-C*-algebra. A nonzero e € A is a minimal
projection if and only if for every p € S(A) either e, = 0 or e, is a minimal
projection in A,.

Proof. Let e € A be a minimal projection, p € S(A) and e € N,,. Since 7, is
a *-homomorphism from A onto A4,, we have e, = m,(e?) = (my(e))? = ¢,? and
ey = (my(e))” = my(e*) = e,. Also for a, € Ay, eyape, = my(eae) = my(Ae) =
Am,(e) = Xep, which gives e,A,e, = Ce,. Thus, e, is a minimal projection in
A,. Conversely, let e € A be such that for each p € S(A) either e, = 0 or a
minimal projection in A,. Let a € A and p,q € S(A), with p < ¢ and e, # 0.
Suppose epaye, = Ape, and e a.e, = Age,. Then Aye, = epane, = mp(eqaq.e,) =
Tpe(Ageq) = Agep. Thus, A\, = A\, = A(say). We observe that if p and ¢ are not
comparable and e, # 0 # e,, then we find s > p, ¢ to assert that A, = Ay = A,.
Therefore, we get A in C such that eae = Ae. Thus, eAe = Ce. This completes

the proof. [ ]

Remark 3.7. It is known that minimal projections in BL(H) are rank one
projections. From the above Theorem and Theorem 2.9 it is clear that £ € L(H)
is a minimal projection if and only if there exist & € A, and a unit vector &, € K,
such that £ =&, ® &,.

Theorem 3.8. Let S € L(H) be a selfadjoint operator. Then S =0 if and only
if ESE =0 for all minimal projections of L(H).

Proof. Fix a € A and &,, a unit vector of . From Lemma 3.1 and the above
remark we have

0= (Sa ® Sa)s(fa ® Sa) = (504 ® 504)(8(604) ® ga) = (Sf(goc)a ga)goc ® o
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Therefore, (SX(&,),€,) = 0. Since a € A and &, € K, are arbitrary, we have
(SX(€0). &) =0 for all @ € A and &, € K,. Since SX is self adjoint, SX = 0 for
all o € A and hence S = 0. n

4. Polar Decomposition in L(H)

Before we obtain the polar decomposition of an operator 7' € L(H ), we need
to define isometry on a locally Hilbert space. T' € L(H) is called an isometry
on a locally Hilbert space H if T, is an isometry on H, for every o € A. The
following defines the partial isometry on a locally Hilbert space analogous to [8,
p-50].

Definition 4.1. Let H be a locally Hilbert space. T € L(H) is said to be a
partial isometry if for each o € A, T,, € BL(H,,) is a partial isometry.

Theorem 4.2. Let T € L(H). Then there exists unique partial isometry S €
L(H) such that T = S|T| and ker S, = kerT, for every o € A. Moreover
=|T.

Proof. Let T € L(H). Fix a € A. Define S§ : |To|(Ho) — Ha by S(|To|(§)) =
To(&). It is clear S§ is linear. Also,

TN, =

=l

a

(ITa](€), I Tal(€))a
= (ITul*(€),€)a

= (T5Ta(6), )
= (Ta(8), Ta())a
= || Tu()ll5,

Therefore, S§ is well defined and is an isometry. Thus, it has a unique isometric
linear extension (also denoted by S§) to |T,|(Ha). Let T, = S*|T,| be the polar
decomposition of T, in BL(H,,), where

S¢ on |T,|(Ha),

S = — |
0 on|T,|(Ha) -
|T.|. Thus, we get S* satisfying the above for every o« € A. Now we show that
S@{a = 5% and P,3S8” = SPP,5 whenever a < 3. If £ € H, N ‘Tg‘(%g)J—, then
0 = SP(&) = Ts(¢) = T.(£). Since ker S* = ker T,,, we have S,(¢) = 0. Now
suppose & € |Tg|(Hg) N Ho. Then for some n € Hg, SP(E) = S§(|Ts|(n)) =
Ts(n) = Ta(n) = S(ITal(n)) = S*(§). Therefore S, = S*. To show that
P,sSP = SPP,s, it is enough to show that P,5S5° = SﬁPag on |Ts|(Hg). Let

It is apparent that ker S* = ker T,, and S**T, =
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¢ = |Ts|(n) for some n € Hg. Then n = n, + 1/, where n, € H, and ' € HL in
Hp. Now for any o < 3,

PagS™(€) = Pas(Sy (|T5)(na +11)))
= PaslSs (IT5](1a)) + S (1751 ()]
= Pas(Tp(na) + Ts(n'))
(

Therefore, S°P,5 = P,3S” whenever o < 3. Hence, there is a unique S € L(H)
such that S, = Sjy, = S®. Thus, S is a partial isometry. Since T,, = S,|T,| and
S:T, = |T,| for every a € A, we have T' = S|T'| and ker T,, = ker S,, for every
a € A. This completes the proof. |

5. Schatten Class Operators

Let T € L(H). Let « € A and E, be an orthonormal basis of #H,. Then we
define the o' Hilbert Schmidt operator seminorm p (T as

1/2
P2.a(T) = |Tallso = (Z IITa(f)Hia) ,

§€EEq
where [T, is the Hilbert-Schmidt norm of T, € BL(H,). Since Hilbert-
Schmidt norm of T, is independent of choice of orthonormal basis of H,, [8], the
definition of py,(7") is also independent of choice of orthonormal basis of H,.
An operator T € L(H) is said to be a Hilbert-Schmidt operator if pso(T) < o0
for every a € A. We denote the class of such operators as €*(H).

It is apparent that T' € €%(H) implies T,, € €*(H,) for every a € A. Passing
onto || - [, on BL(H,), the following is easily verified.

Proposition 5.1. Let T, S € €*(H) and A € C. Then for every a € A, following
hold.

+ S) S p2,oc(T) + p?,a(S) and p?,a()\T) = |)‘|p2,a(T>-
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(4> p2,a(TS) < pa<T)p2,a<S) and pQ,a(TS> < p2,a(T)pa(S)'

The following theorem puts 4?(H) in a proper perspective among non-normed
topological algebras.

Theorem 5.2. €2(H) is a complete locally m-convexr H*-algebra with respect to
the topology generated by the family of Hilbert-Schmidt seminorms {p2.a taea-

Proof. From Proposition 5.1, it is clear that {ps,} is a separating family of
submultiplicative *-seminorm on %2(H). Consequently, in view of definition
of €?(H), ¢*(H) is a locally m-convex *-algebra with respect to the topology
generated by {p2q}taca. Defining (T, S)2q = tr(17:S,), T, S € €*(H), o € A,
where ¢r(-) denotes the trace of an operator, it follows that (-,-)2, defines a
pseudo inner product on €?(H) such that peo(T)? = (T,T)2.4, (T'S,P)as =
(S, T*P)y, and (ST, P)yq = (S, PT*)24. To prove completeness of €%(H), let
(T;)ier be a Cauchy net in €*(H) and a € A. Then (T}, = Tj,) is a Cauchy
net in €%(H,). Since €2(H,) is complete, there exists T,y € €*(H,) such that
[Toa = Tiaylly o = 0. Also, [Tia = Tiw)|| < [|Tia — Tia)l,,, shows that (Tia)ier is
a net in L(H), which converges to T(o) € BL(H,). Since L(H), is complete,
T(a) € L(H),. Thus for each o € A we have T(,) € L(H),. Thus there exists
unique 1" € L(H) such that T, = T(a). Now, p2.a(T) = [Tulls o = [Tia) [l < 00
for every a € A showing that T' € ¢%(H). This completes the proof. [ |

Let Ny, = {T € €*(H) : p2.o(T) = 0}. Then it can be readily seen that
Ny, is closed *-ideal in €%(H). Also, ¢?(H)/Nayo — €*(H,) via 0y,, where
020(T + Noo) = T,. The map 65, is a well-defined *-homomorphism because
Ny o C N,. Denote the closure of 0, (6¢*(H)/Noo) in €*(He) by €*(H),. From

Arens-Michael decomposition we have €(H) = lim(€?(H)q, || - |l,,,). Our next
acl '

aim is to show that ¢?(H) C K(H) for a locally Hilbert space H.
Lemma 5.3. F(H) C ¢*(H), where F(H) is the set of all finite rank operators
of L(H).

Proof. It is enough to show that ¢?(H) contains every rank one operator of
L(H). Let T = &3 ®ng, £5,mp € Kp, B € A be any rank one operator. Then

1/2 1/2
(5.1)  pal(T) = (Z ||§ﬂ®ﬁ6(()||ia> = <Z ||(C,8,776)B§B||3{a> :

CEEO( §€Ea

where F, is an orthonormal basis of H,, o € A. Therefore,

€615 Insll5,,, i B <
poa(T) = 12 Vel .
0 otherwise .
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Thus, peo(T") < oo for every o € A. ]
Remark 5.4. F(H) is a *-ideal of €2(H).

Theorem 5.5. F(H) is dense in €*(H) with respect to the topology generated
by the family of {p2.a}aen-

Proof. Let V =V (p2ay, €1) NV (P2.a9, €2)N- - -NV (P24, . €n) be a basic neighbour-
hood in €?(H), where V(pya,,€) = {U € €*(H) : p2o,(U) < &}, 1 < i < n,
and T € €*(H). Let ¢ = 121'i<n {e;} and ¢ = €/2. Let v € A be such

that a; < v, 1 < i < n. For 8 < ~, let G be an orthonormal basis of

KCs. Since H, Bp<,Ks, Up<,Gpg = E, (say) is an orthonormal basis of
1/2
H.,. Since T, € €*(H,), we have (Z HTv@)HiW) < 00. Therefore,
CEE,
there exists a finite set F, C E, such that ) HTV(()HZ < €% Define
CEEL\F, !

S=5aeSk e - -0sk

Qp’

K _ K ;
where Sai = T7 [span(FyKa;)’ 1 < ¢ < n. Then

Sk € F(Ka,), 1 <i < n. Consequently, S € F(H). Now for i, 1 <i < n,

observe that, pao,(S — T)? < pa, (S —T)* = 3 ||T7(C)||§{ < €. Thus,
CEEL\F, !

P2.0; (S —T) < € < ¢, 1 < i < n, showing that S — T € V. Therefore

S e (T'+V)nF(H). This completes the proof. n

Remark 5.6. If ' € €*(H), then there exists a net (7T});c; of finite rank oper-
ators such that, for every oo € A, poo(7; —T') — 0. By Proposition 5.1 we have

Pa(T; —T) — 0 for every a € A. Thus T' € F(H) and hence compact. We have
¢*(H) C K(H).

For T € L(H) and a € A, we define p; o(T) as p1.o(T) = (po.o(|Ta]*?))?. If
E,, is an orthonormal basis of H,,, then

pra(T) = 3 T 2(Q) I,

CEEq

= > (Tl (), 1Tl ()

CGEQ
= > (ITal(©). Qe
(€Eq

If p1o(T) < oo for every a € A, then we call T a trace class operator. The
class of such operators is denoted by €1 (H). As a corollary to the following is a
known result.
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Lemma 5.7. [8, Lemma 2.4.12] Let H be a Hilbert space, U,V € €*(H), E
be an orthonormal basis of H and S = U*V. Then the family ((S(x),x))zer is
absolutely summable. That is,

3

SO 1(S@), o) <00 and S (S( 1Zk\|V+ku]|2

zel zeE k=0

In fact, we have the following analogous result.

Corollary 5.8. Let U,V € €*(H) and S = U*V. For every a € A, let E,
be an orthonormal basis of Ha. Then the family ((Sa(€),€))ecr, is absolutely
summable for every o € A. That is, for every a € A Y |(Sa(§),€)al < 00 and

(€L,
13
Z (8a(8),8)a = 1 ZPQ,a(Va + ikUa)Q-
£€ba k=0
Proof. If U,V € ¢?*(H), then U,,V, € €*(H,) for every a € A. Thus, by
Lemma 5.7 proof follows. [ |

The connection between trace class operators and Hilbert-Schmidt operators
is given in the following result.

Theorem 5.9. Let S € L(H). Then the following conditions are equivalent.

(1) S is a trace class operator.

(2) |S| is a trace class operator.

(3) |S|/2 is a Hilbert-Schmidt operator.

(4) There exist Hilbert-Schmidt operators U,V on H such that S = UV'.

Proof. (1) = (2). p1.a(]S]) = p1.a(S) < oo for every a € A.
(2) = (3). Suppose that |S| is trace class. Let E, be any orthonormal basis of
H, for every a € A.

p2a(lSal”?) = Y l1Sal*(0)

(eE,

= (18al"2(€), 1Sal *(0))a
CeEs

=) (151(¢):0)
CeEy

:pl,a(|5a|) <0

Thus, |S|'/? is a Hilbert-Schmidt operator.
(3) = (4). Let S = TS| be polar decomposition of S, where T" is a partial
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isometry. Then S = T|S|*/2|S|'/2. Since €2(H) is an ideal of L(H), T|S|'/? is a
Hilbert-Schmidt operator. Let U = T|S|*/? and V = |S|'/2. Then U and V' both
are Hilbert-Schmidt operators and S = UV.

(4) = (1). Suppose S = UV where U,V € €¢*(H). If S = T|S| be polar decom-
position of S, then |S| =T*S =T*(UV) = (T*U)V. Let E, be any orthonormal
basis of H, for every a € A. Then by Corollary 5.8 > (|S4]({),()a < oo for

(EEq
every a € A. Thus p; o(S5) < 0o for every a € A. ]

Proposition 5.10. Let T, S € L(H) and A\ € C. Then the following holds:

(1) Pro(T +8) < pr.a(T) + pralS) and p1o(AT) = [Ap1a(T).
(2) Pra(T) = pra(T7).

(3) Pa(T) < pra(T).

( ) N a(TS) < poz(T)pl,a(S) and pl,a(TS) S pl,a(T)pa(S>'

Proof. Proof is straight forward verification followed by the fact that p; o(T) is
trace class norm of T, in BL(H,). ]

The following shows that the analogue of the trace class operators in our set
up is a complete lmc *-algebra.

Theorem 5.11. €' (H) is complete Imc *-algebra with respect to the topology
generated by the family of trace class seminorms {p1 o taea-

*

Proof. From Proposition 5.10, it is clear that p;, is a submultiplicative *-
seminorm on ¢'(H) for every a € A and hence it is an lmc *-algebra with
respect to the topology generated by the family {p;,}aca of trace class semi-
norms. To prove completeness of €*(H), let (T;);e; be a Cauchy net in ¢ (H)
and & € A. Then (T, = Tjp,) is a Cauchy net in €*(H,). Since €' (H,)
is complete, there exists T(o) € € (Ha) such that || T3, _T(")Hl,a — 0. Also,
[ Toa = Tl < [[Toa = Tiell; , shows that (Tia)ier is a net in L(H), which con-
verges to T o) € BL(H,). Since L(H), is complete, T4y € L(H),. Thus for each
a € N we have Ta) € L(H),. Thus there exists unique 7" € L(H) such that
To = Tia). Now, p1a(T) = [[Tall, o = I Tiwll,, < oo for every a € A showing

that T € €(H). This completes the proof. n

Let N1, ={T € ¢'(H) : p1o(T) = 0}. Then it can be readily seen that N,
is closed *-ideal in €' (H). Also, € (H)/Ni o — €' (Ha) via 0 o, where 0, o (T +
Nio) = T,. Here 0, is well defined as Ny, C N, and a *-homomorphism.
Denote the closure of 61 ,(¢*(H)/N1o) in €' (Hs) by €' (H),. From Arens-
Michael decomposition we have ¢ (H) = lm (€ (H)a, || - [|; ,)-

a€eN
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Proposition 5.12. F(H) C €'(H), where F(H) is the set of all finite rank
operators of L(H).

Proof. It is enough to show that €'(H) contains every rank one operator of
L(H). Let T = €3 @ g, &s,mp € Kp, 5 € A be any rank one operator. Let E,
be an orthonormal basis for E,, « € A. Then

if 5 <
pl,a(T) = {Hé_ﬁH’HﬂHnIB”'Hﬁa 1 ﬁ < o

0 otherwise .

Thus, p14(T") < oo for every o € A. [
Remark 5.13. F(H) is a *-ideal of €*(H).

The proof of the following lemma is based on the arguments similar to that
in the proof of Theorem 5.5.

Lemma 5.14. F(H) is dense in ¢ (H) with respect to the topology generated
by the family {p1,}aca-

6. Conclusion

The preceding discussion shows that
F(H)C¢'(H)C ¢*(H) C K(H) C L(H).

In fact, this chain of inclusions is a non-commutative unbounded analogue of
the classical case, co9 C 1 C 2 C ¢y C ¢ inclusion. All these algebras
are in fact complete lmc *-algebras. We conclude from the Example 2.4 that
C*(H)o, ¢ (H)o, K(H), properly sitting in €*(H,), ¢ (Ho) and K(H,) re-
spectively, as dim(H) < oo which proves that in general ¢2(H),¢*(H), K(H)
is not an inverse limit of €%(H,), €*(Ha) and K(H,), o € A, respectively.
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