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SECTION – A 

Answer all the questions:        5××××2=10 

 

1. Show that, for any set  � , the outer  measure  �����  � ���� � 	�               

where � � 	 � 
� � 	: � 
 ��. 
2. If  �  is a measurable simple function then prove that � ���	 � � � ��	 

     where � � 0. 
3. Define a ring and when is a ring to be called a σ - ring. 
4. Define a positive set, negative set and null set with respect to the signed  

     measure  �. 

5 .  If � � � �, , then  define x-section and y-section of E .  

 

SECTION – B 

Answer any five questions:       5××××6=30 

 
6. Define the Lebesgue outer measure and prove:  fo r any sequence of sets 

     
�� �, ���� ��∞�� � ! ∑ ��∞�� ����. 
7. Prove that every interval is measurable. 

8. Show that, for α > 1,  � # $%& #
 '�(#�)

 
*  �	 + 0 �, - + ∞ . 

9. If  f  is continuous on a finite interval .�, /0 then prove that i) f  is integrable  

       and ii) the function 1 � � 2�3��3#
4  is differentiable such that 1 ′�	� � 2�	�. 

 

10. Define a measure 5 on 6,  outer measure 5� on 7�6�  and prove that if  

    �, 8 
  6  and � � 8 then 5��� ! 5�8�. 

11. Let � be a signed measure on 9�, :;. Prove that the pair �, 8 is a Hahn  

      decomposition of the set � with respect to � such that A is a positive set and B   

      is a negative set with � �  � < 8 , � = 8 � >. 
12. Prove that the class of elementary sets consists of those sets which may  

     be written  as the  union of finite number of disjoint  measurable rectangles   

    is an algebra. 
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SECTION – C 

Answer any three questions:       3××××20=60 

 
13. a)  Prove that  there exist a non-measurable  set. 

    b)    Let c be any real number and let f and g be real-valued measurable  

                      functions defined on the same measurable set E then  prove that     

                  2 � ?, ?2, 2 � @, 2 A @ and  2@ are also measurable.              (10+10) 

14. a) State  and prove Fatou’s  lemma. 

    b) Let f and g be  non-negative  measurable  functions,  then prove  that  

          � 2�	 � � @�	 �  ��2 � @��	 .                                               (12+8) 

15. a) Define the space  BC�5� and the  BC   norm of  f .  Then prove that, if 

        a, b are constants and  f, g 
 BC�5�    then  �2 � /@ 
  BC�5�.    

      b) Prove that the space Lp (µ), 1 ≤ p < ∞ is complete.            (8+12) 

16. State and prove the Radon-Nikodym theorem.                                         

17. a)  Let   9�, :, 5;  and 9�, D, �;  be  σ− finite  meausre  spaces. For    

            E 
 : � D write >�	� �  F�E#� and G��� �  5�EH� for each 	 
 �, � 
 �. 
           Then prove that > is :- measurable and G is D- measurable and  

I ��5
J

�  I G�F.
K

 

      b) State and prove Fubini’s theorem on product measure.         (12+8) 
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