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SECTION - A
Answer all the questions: 5x2=10

1. Show that, for any set A, the outer measure m*(4A) = m*"(4 + x)
where A+ x ={y +x:y € A}.

2. If ¢ is a measurable simple function then prove that [ qpdx = a [ @dx
where g = 0.

3. Define a ring and when is a ring to be called a ¢- ring.

4. Define a positive set, negative set and null set with respect to the signed
measure .

5. If ¢ X xY,, then define x-section and y-section of E.

SECTION - B
Answer any five questions: 5%6=30

6. Define the Lebesgue outer measure and prove: for any sequence of sets
{E£:}, m"(UiZ1 Ey) < Yo, m” (E)).

7. Prove that every interval is measurable.
8. Show that, for o> 1, flﬂ dx - 0asn—- o .
0 1+(nx)®
9. If f is continuous on a finite interval [a, b] then prove that i) f is integrable

and ii) the function F = f; f(t)dt is differentiable such that F'(x) = f(x).

10. Define a measure p on R, outer measure u* on KX (R) and prove that if
A,B€ R and A € B then u(4) < u(B).

11. Let v be a signed measure on [X, S]. Prove that the pair A, B is a Hahn
decomposition of the set X with respect to v such that A is a positive set and B
is a negative set with X = AUB,ANB = ¢.

12. Prove that the class of elementary sets consists of those sets which may
be written as the union of finite number of disjoint measurable rectangles

is an algebra.



12/ 1IMT/PC/MI24

SECTION - C
Answer any three questions: 3%x20=60

13.a) Prove that there exist a non-measurable set.

b) Let ¢ be any real number and let f and g be real-valued measurable
functions defined on the same measurable set £ then prove that
f+ccf,f+g, f—g and fg are also measurable. (10+10)

14. a) State and prove Fatou’s lemma.
b) Let f and g be non-negative measurable functions, then prove that
[fdx + [ gdx = [(f + g)dx. (12+8)
15. a) Define the space [P (W) and the [P norm of f. Then prove that, if

a, b are constants and /. g € LP(u) then af + bg € LP(p).
b) Prove that the space LP (u), 1 <p<oo is complete. (8+12)
16. State and prove the Radon-Nikodym theorem.
17.a) Let [X,S,u] and [Y,T,v] be o—finite meausre spaces. For
V €8 XT write p(x) = v(V,) and Y(y) = u(V¥) foreachx € X,y €Y.

Then prove that ¢ is S- measurable and ) is - measurable and

L(pduz fy Ydv.

b) State and prove Fubini’s theorem on product measure. (12+8)

AAAAAAAAALAALAALAA



