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Answer any five questions choosing at least two questions from each section. Each
question carries 20 marks:

SECTION - A

a) When do you say that a topological space is contractible? Show that a space X is
contractible if and only if X is of the same homotopy type as a single point.

b) Construct a connected space which is not arcwise connected.

c) Let X be an arcwise connected space and xy, x; € X . Show that there exists a
group isomorphism of 7,(X,x,)ontox,(X,x,). (6+7+7)

a) Let ()? , p) be a covering space of X and x € X, ¥ € X with p(X¥) = x. Show that
there is a natural one-to-one correspondence between p~1({x}) and the coset space
7T1(X, x)/p*nl (X~ , X )

b) Define deck transformation. Let (X, p)be a regular covering space of a locally

simply connected space X. Show that the group ¢ (X, p) of deck transformations
is isomorphic to the quotient group 7, (X, p(X))/ p, («, (X,%)). (10+10)

a) Let s be a K-simplex and KT be a subdivision of s*~. Let v € (s). Show that
(v, [KT]) is in general position. Furthermore show that v * [KT] is the point set of
a complex K defined by K = KT U text(sT,v) and K is a subdivision of s.
b) Let Kbe a simplicial complex. Let
K ={(b(sy),....6(s,)): 50 <5, <...<5,:5:5,...5, € K}. Show that
K" is a subdivision of K and for each s,,s,,...,s, € K with s, <s, <...<s,,

(b(sy)s....b(s,) = (s,). (10+10)

a) Let K be a simplicial complex of dimension m. Show that lim,,_,., K™ = 0.

b) Let K be a simplicial complex. For v, a vertex of K, show that St(v) is an open
set in [K] containing v, v is the only vertex of K which lies in St(v) and
{St(v)}yeko is an open covering of [K].

c) Let f: [K ] - [L] be continuous. Show that for £ > 0, there exists a subdivision
K, of K and L, of L and a simplicial approximation ¢:K, — L, of f such that

d(f,9)<e. (6+4+10)
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SECTION - B

5. a) Let X,Y be smooth manifolds and ¥ : X — ¥ be smooth maps. Define the differential
m a
d¥ of ¥ atx € X. Show that d¥(v) =Y v(, o‘P)a—.
i=1 j
b) Let X and Y be smooth and let ¥ : X — Y be a smooth map. Show that
do¥ =W od.
¢) State and prove Poincare's lemma. (5+5+10)

6. Let X be a smooth manifold. Show that there exists a unique linear map
d:C”(X,4(X)) = C”(X,4(X)) such that
() d:C”(X,N (X)) — C™(X,AN" (X))
(i) d(f)=df for f e C™(X,A(X))
(i) if g€ C* (X, A" (X))and 7€ C*(X,4(X))
then d(u A7) = (du) AT+ (D"t A(d7) and
(iv) d* =0.

7. (a) Show that the maps C, ,(K,4)«>—C,(K,5)«>—C,,,(K,g)satisfy 9° =0.
(b) If K is the 1 — skeleton of 2 — simplex, compute H; (K, 7)and H;(K,7) (10+10)

8. a) Let K be a simplicial complex. Define Betti number and Euler characteristic of K.
Find an expression for the Euler characteristic of K.
b) show that 0" Pvovr,.v)) = v Plwve,..vyy Where 2, denotes the sum over all
vertices ve€ K such that (v,vo,...,v,) is an (/ + 1) simplex of K. (10+10)
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