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Answer any five questions choosing at least two questions from each section.  Each 

question carries 20 marks: 

SECTION - A 

 

1.       a)  When do you say that a topological space is contractible?  Show that a space � is  

     contractible if and only if � is of the same homotopy type as a single point. 

b)  Construct a connected space which is not arcwise connected. 

c)  Let � be an arcwise connected space and ��, �� � � .  Show that there exists a  

     group isomorphism of ),( 01 xXπ onto ),( 11 xXπ .    (6+7+7) 

 

2.       a)  Let ���, 	
 be a covering space of � and � � �, �� � �� with 	��� � �.  Show that  

     there is a natural one-to-one correspondence between 	������ and the coset space  

     ����, � 	������⁄ , �� ). 

b)  Define deck transformation.  Let ),
~

( pX be a regular covering space of a locally  

     simply connected space X.  Show that the group ),
~

( pXG  of deck transformations  

     is isomorphic to the quotient group ))~(,(1 xpXπ / ))~,
~

(( 1 xXp π∗ .  (10+10) 

 

3.       a)  Let � be a �-simplex and �� be a subdivision of ����. Let � � ��.  Show that  

     ��, ���� is in general position.  Furthermore show that � � ���� is the point set of   

      a complex �� defined by �� � �� � ���, �� �!  and �� is a subdivision of �. 

      b)  Let K be a  simplicial  complex. Let  

     ( ) ( )( ){ }KsssssssbsbK kkk ∈<<<= KKK ,,;:,, 10100

)1( . Show that  

     )1(K  is a  subdivision of K and for each  Ksss r ∈,,, 10 K  with rsss <<< K10 ,  

     )())(,),(( 0 rr ssbsb ⊂K .       (10+10) 

 

4.       a)  Let � be a simplicial complex of dimension ".  Show that lim&'( ��& � 0. 

b)  Let � be a simplicial complex.  For �, a vertex of �, show that *+�� is an open  

     set in ��� containing �, � is the only vertex of K which lies in *+�� and 

     �*+���,�!- is an open covering of ���. 
c)  Let [ ] [ ]LKf →:   be continuous. Show that for ,0>ε  there exists a subdivision   

     nK of � and mL  of . and a simplicial approximation  mn LK →:φ   of  / such that     

     .),( εφ <fd          (6+4+10) 
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SECTION – B 

 

5. a)  Let �, 0 be smooth manifolds and YX →Ψ :  be smooth maps. Define the differential  

     Ψd  of Ψ at � � �. Show that 
j
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    b)  Let X and Y be smooth and let YX →Ψ : be a smooth map. Show that   

         .dd oo

∗∗ Ψ=Ψ  

    c)  State and prove Poincare's lemma.      (5+5+10) 

 

6. Let X be a smooth manifold. Show that there exists a unique linear map  

    ))(,())(,(: XXCXXCd GG ∞∞ →  such that 

            (i)  ))(,())(,(: 1
XXCXXCd

kk +∞∞ Λ→Λ  

            (ii) dffd =)( for ))(,( 0
XXCf Λ∈ ∞  

            (iii) if ))(,( XXC
kΛ∈ ∞µ and ))(,( XXC G∞∈τ  

       then )()1()()( τµτµτµ ddd
k ∧−+∧=∧  and  

    (iv) .02 =d  

 

7. (a)  Show that the maps ),(),(),( 11 GGG KCKCKC lll +
∂∂

− ←← satisfy .02 =∂  

  (b)  If K is the 1 – skeleton of 2 – simplex, compute 1���, 2345 1���, 2      (10+10) 

      

8. a)  Let � be a simplicial complex.  Define Betti number and Euler characteristic of �. 

     Find an expression for the Euler characteristic of �. 

b)  show that    6�78,9,,:,…,,<= � ∑ 78,,,9,…,,<=
?
,   where ∑?

, denotes the sum over all 

vertices Kv ∈ such that ( )lvvv ,,, 0 K  is an (l + 1) simplex of K.        (10+10) 
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