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Answer any five gquestions (5x20=100)

1. State and prove the Banach contraction principle.
2. State and prove the Hausdorff theorem on compactness.

3. a)Let T € B(X,X), where X is a Banach space. If [|T|| < 1, then prove that (I — T)~* exists
as a bounded linear operator on the whole space X and
I-T) =38 =1+T+T?+

b) Prove that the resolvent set p(T") of a bounded linear operator T on a complex Banach
space X is open; hence the spectrum is closed.

4. a)LetT:H — H be a bounded self adjoint linear operator on a complex Hilbert space H.
Then prove that a number 4 belongs to the resolvent sct p(T") of T if and only if there
exists a ¢ > 0 such that for every x € H, ||[Thxl] = clix]|.

b) If two bounded self adjoint operators S and T on a Hilbert space H are positive and
commute then prove that their product ST is positive.

5. Inacomplete space E, let x(t) be a continuous function with ¢ € [a,b] and let A, bea
sequence of partitions of the interval [0,1] such that 7,, = 0 as n — oo, If we form the
integral sums S[A,,, x(t)] then prove that they tend to a limit S = lim, o, S[A,,,, x(2)].

6. Prove that if the weak differential exists in a neighbourhood then Frechet differential exists
and they are equal in that neighbourhood.

7. Define extremal points and Haar condition. And prove that Haar condition is sufficient for
the uniqueness of the best approximations.

8. State and prove that Haar uniqueness theorem on best approximation.




