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ABSTRACT

In this paper, p-perfect, v-perfect, complete p-perfect and
complete v-perfect intuitionistic fuzzy graphs are defined. The
radius, diameter, status, median and connectivity of perfect
intuitionistic fuzzy graphs are discussed.
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1. INTRODUCTION

The basic idea of a fuzzy relation was defined by Zadeh [10]. Rosenfeld [9]
considered fuzzy relations on fuzzy sets and developed the structure of fuzzy graphs,
obtaining analogs of several graph theoretical concepts. Bhattacharya [2] obtained
other graph theoretic results concerning center and eccentricity. A.Nagoor Gani and
M. Basheer Ahamed [4] defined perfect fuzzy graph and complete perfect fuzzy
graph and discussed some of its properties.

K.T. Atanassov [1] introduced the concept of Intuitionistic Fuzzy Graph (IFG)
in 1994. Research on the theory of intuitionistic fuzzy sets has a vast opening in
various applications. R.Parvathy and M.G.Karunambigai [8] gave a new definition for
IFG and analyzed its components. A. Nagoor Gani and S. Shajitha Begum [7] defined
status and median in IFGs. In this paper, we introduce the notion of p-perfect,
v-perfect, complete u-perfect and complete v-perfect intuitionistic fuzzy graphs and
some of its properties are analysed.

2. PRELIMINARIES

2.1. Definition: [8]
An Intuitionistic fuzzy graph is of the form G = <V, E > where
i) V={vi,vz,...,Vn} such that p;: V —» [0,1] and vi:: V — [0,1] denote the degree
of membership and nonmembership of the element v; € V, respectively, and
0< pi(v) + vi(v) < 1foreveryvieV,(i=1,2, ... n),
i) EcV xVwhere y,: VXV — [0,1] and v,: VXV — [0,1] are such that
Mz (Vi, v)) < min [p1 (v), H1 (v)], vz (vi, v)) < max [uvs (v), v (v) Jand
0 < Wz (vi, vj)) + va(vi,v) < 1forevery (viv)) eE, (i,j=1,2, ..n).
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2.2. Definition[8]:An IFG G =<V,E> is a complete IFG, if py; = min (Mg, M) and
Lzij =Max (vyi, vy) for all vie V.

2.3. Definition[6]: Let G =<V,E> be an IFG. Then the order of G is defined to be
O(G)= (0Ou(G),0,(G)) where O,(G) = Z yov H1 (V) and O,(G) = Z v v1 (V).

2.4. Definition[6]: The size of G is defined to be S(G)= (S.(G), S,(G)) where
Su(G)= Zyxy H2(u,v) and Sy(G) = Z ,xyv L2(U,V).

2.5. Definition[6]: Let G = <V, E = be an IFG. The neighbourhood of any vertex v
is defined as N(V)=(Ny(v),Ny,(v) ) where N, (v)={weV; p, (v, W) = pi(v) A gi(w)}and
No(W)={weV; va(v,w)= vi(v) V va(W)} and N[v] = N(v) U {v} is called the closed
neighbourhood of v.

2.6. Definition[7]:The p—distance d,(v, w) is defined to be the minimum of the
p-lengths of all the paths joining v and w. (i.e.) du(v, w) = A {L,(P) : P is a path
between v and w}.

The v—distance &,(v, w) is defined to be the maximum of the v-lengths of all the
paths joining v and w. (i.e.) ,(v, w) =V {L,(P) : P is a path between v and w}.

2.7. Definition[7]: Let G = < V, E > be an IFG. The eccentricity of a node v is
defined as e(v) = (eu(v).e,(v)) where the p—eccentricity e,(v) is the maximum of all
the p-distances d,(v, w) for every w e V. (i.e.) ey(v) = V { d,(v, w), w e V } and the
y-eccentricity e,(v) is the maximum of all the v-distances &,(v, w) for every w € V.
(i.,e) ey(v) =V {d,(v,wW),weV}.

2.8. Definition[7]: A radius of an IFG is r(G) = (r,(G),r,(G)) where the p—radius
ry(G) is the minimum of all the p—eccentrities of the vertices of G and v—radius r,(G)
is the minimum of all the v—eccentricities of the vertices of G.

2.9. Definition[7]: The diameter d(G) = (d.(G),d,(G)) where p-diameter d,(G) is
the maximum of all the p—eccentricities of the vertices of G and d,(G) is the
maximum of all the v—eccentricities of the vertices of G.

2.10. Definition[7]:The p-status s,(v) of G is defined to be the sum of all the
p-distances d,(v, w) for every w e V. i.e. sy(v) = Z d,(v, w), weV

The v-status s,(v) of G is defined to be the sum of all the v-distances &,(v, w) for
everyweV.i.e. sy (v) =Z0,(v,w),weV

2.11. Definition[7]:The Median is defined as M(G) = (M,(G),M\(G)) where My(G) is
the set of nodes with minimum p status and My(G) is the set of nodes with minimum
v status.

2.12. Definition[6]: The closed neighbourhood degree of a vertex ‘v’ is defined as
dnlvl=(dnulV].dno[VD) where dy[vl = 2 o e nw Hi(W) + pi(v) and dyfv] =
2 wen) V1(W) + vi(Vv).

2.13. Definition[6]: An intuitionistic fuzzy graph G = <V, E > is said to be regular,
if all the vertices have the same closed neighbourhood degree.

2.14 Definition[5]: If v, vj € V < G, then the p-strength of connectedness between
v; and v;j is CONNG,(vi, vj) = sup { u* (vi, vj) / k = 1,2,..,n) } and u-strength of
connectedness between v; and v; is CONNG,(v;, vj) = inf { VX (Vi vp)/ k=1,2,.,n}.
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3. PERFECT INTUITIONISTIC FUZZY GRAPHS

3.1. Definition: Let G = < V, E > be an IFG. A vertex is called a p;-perfect
intuitionistic fuzzy vertex if y; (v) = 1 and a v;-perfect intuitionistic fuzzy vertex if
v1(v) = 1 for some veV.

An edge (v, w) is called a p;-perfect intuitionistic fuzzy edge if po(v, w) = 1 and a
vi-perfect intuitionistic fuzzy edge if v, (v, w) = 1 for some (v, w) € E.

3.2 Example:
(1,0
v1(1,0) Vv4(1,0)
Vi, V4 - - perfect intuitionistic fuzzy vertex
(03,02) 2 - vy - perfect intuitionistic fuzzy vertex
(0.1) (0.5,05) (V1, Va) - 1, - perfect intuitionistic fuzzy edge
(v, V2), (V2,v3) - v,- perfect intuitionistic fuzzy edge
V2(0,1) V3(05,05)
(0,1)

Fig. 1. Intuitionistic fuzzy graph

3.3 Definition: An IFG G = <V, E > is called a W;-perfect intuitionistic fuzzy graph
if 41 (v) = 1for all veV and a v;-perfect intuitionistic fuzzy graph if v;(v) = 1 for all
ve V.

3.4 Example:
vi (1, 0) v (0,1)

Vo (1, 0) (0 . 0) V3 (11 0) \'7) (01 1) (0‘ 04) V3 (01 1)

Fig. 2. p;- perfect IFG Fig. 3. vy - perfect IFG

3.5 Definition: An IFG G = < V, E > is called a p,-perfect intuitionistic fuzzy graph
if g2 (v, w) = 1 for all (v, w) €E and v, - perfect intuitionistic fuzzy graph if v, (v, w)
= 1for all (v, w)e E.

3.6 Example:
(1,0) 0,1)
V]_(l,o) V2(110) V]_(O,l) V2(011)
(1,0 (1,0) 01 (0,1)
v5(1,0) v,(1,0) v5(0,1) v4(0,1)
(1,0) 0,1)

Fig. 4. p>- perfect IFG Fig. 5. vz - perfect IFG
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3.7 Remark:

Every u»-perfect intuitionistic fuzzy graph is pi-perfect intuitionistic fuzzy
graph, converse need not be true.

For example, the graph given in Fig.4 is y»-perfect intuitionistic fuzzy graph
and p,-perfect intuitionistic fuzzy graph whereas the graph given in Fig.2 is
Mi-perfect intuitionistic fuzzy graph but not p,-perfect intuitionistic fuzzy
graph.

Every v.-perfect intuitionistic fuzzy graph is v;-perfect intuitionistic fuzzy
graph, converse need not be true.

For example, the graph given in Fig.5 is vs-perfect intuitionistic fuzzy graph
and v;-perfect intuitionistic fuzzy graph whereas the graph given in Fig.3 is
vi-perfect intuitionistic fuzzy graph but not v,-perfect intuitionistic fuzzy
graph.

3.8 Definition: An IFG G = < V, E > is called a complete p,-perfect intuitionistic
fuzzy graph if 2 (v, w) = 1for all (v, w) €V and a complete v, - perfect intuitionistic
fuzzy graph if v, (v, w) = 1for all (v, w)e V.

3.9 Example:
(1,0)
(0,1)
vi (1,0) v, (1,0)
1 (1.0) v; (0,1) oD v2 (0, 1)
(1,0) (0.1)
(1,0 (0,1)
(1,0
v (1.0) v (1.0) v (0, 1) o v 0,1)
(1,0) (0. 1)
Fig. 6. Complete p, - perfect IFG Fig. 7. Complete v, - perfect IFG

3.10 Remark:

Every complete p,-perfect intuitionistic fuzzy graph is ps-perfect intuitionistic
fuzzy graph, converse need not be true.

For example, the graph given in Fig.6 is complete pl.-perfect intuitionistic
fuzzy graph and p,-perfect intuitionistic fuzzy graph whereas the graph given
in Fig.4 is pPo-perfect intuitionistic fuzzy graph but not complete ps-perfect
intuitionistic fuzzy graph.

Every complete v,-perfect intuitionistic fuzzy graph is v,-perfect intuitionistic
fuzzy graph, converse need not be true.

For example, the graph given in Fig.7 is complete v,-perfect intuitionistic
fuzzy graph and v,-perfect intuitionistic fuzzy graph whereas the graph given
in Fig.5 is vp-perfect intuitionistic fuzzy graph but not complete v,-perfect
intuitionistic fuzzy graph.

3.11 Definition: An IFG G = < V, E > is called a p-perfect intuitionistic fuzzy graph
if it has a po-perfect intuitionistic fuzzy graph and a v-perfect intuitionistic fuzzy
graph if it has a v,-perfect intuitionistic fuzzy graph.
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3.12 Definition: An IFG G = < V, E > is called complete p-perfect intuitionistic
fuzzy graph if it has a p,-perfect intuitionistic fuzzy graph and complete v-perfect
intuitionistic fuzzy graph if it has a v,-perfect intuitionistic fuzzy graph.

3.13 Remark:
Every complete p-perfect intuitionistic fuzzy graph is a p-perfect intuitionistic fuzzy
graph, but not conversely true.

vy (1, 0)
v; (1,0)
(1,0)
1.0 (1.0)
Vo (1, 0) V! (1, 0) Vo (1, 0) (11 0) V3 (1, 0)
Fig. 8. : M- perfect IFG and Fig. 9: W - perfect IFG not
Complete p - perfect IFG Complete p - perfect IFG

Every complete v-perfect intuitionistic fuzzy graph is a v-perfect intuitionistic fuzzy
graph, but not conversely true.

vi (0,1) v; (0,1)
©,1) (0.1) (0. 1)
v, (0,1) v3(0,1) v, (0,1) v3(0,1)
(0,1) 0,1)
Fig. 10 : v - perfect IFG and Fig. 11 : v - perfect IFG not
Complete v - perfect IFG Complete v - perfect IFG

4. STATUS IN PERFECT IFGS

4.1 Theorem:The radius of a complete p-perfect intuitionistic fuzzy graph with n
vertices is always (1, 0) and complete v-perfect intuitionistic fuzzy graph with n
vertices is always (0O, n-1) .

Proof:

Let G = <V,E> be a complete p-perfect intuitionistic fuzzy graph with n vertices.
The eccentricity e(v) = (eu(v),e,(v)) of each vertex is always (1, 0). We know that
the radius is minimum eccentricity among the vertices. Hence the radius of a
complete p-perfect intuitionistic fuzzy graph is always (1,0).

Let G = <V,E> be a complete v-perfect intuitionistic fuzzy graph with n
vertices. The eccentricity e(v) =(ey(v),e,(v)) of each vertex is always (0, n-1). We
know that the radius is minimum eccentricity among the vertices. Hence the radius
of a complete v-perfect intuitionistic fuzzy graph is always (0, n-1).
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4.2 Corollary: The diameter of a complete y-perfect intuitionistic fuzzy graph with n
vertices is (1, 0) and complete v-perfect intuitionistic fuzzy graph with n vertices is
(0, n-1).

4.3 Example:

Consider the p-perfect intuitionistic fuzzy graph in Fig. 6.
eu(vy) = ey(v2) = ey(vs) = ey(vy) = (1, 0). Thus ry(G) = (1,0) and d,(G) = (1, 0).
Consider the v-perfect intuitionistic fuzzy graph in Fig. 7.
e,(V1) = e,(V2) = e,(Vv3) = ey(v4) = (0, 3). Thus r,(G) = (0, 3) and d,(G) = (O, 3).

4.4 Theorem: Every complete p-perfect intuitionistic fuzzy graph is self y-centered
and every complete v-perfect intuitionistic fuzzy graph is self v-centered.

Proof:

Let G = <V,E> be a complete p-perfect intuitionistic fuzzy graph with n vertices.
The eccentricity e(v) = (e,(Vv),e,(v)) of each vertex is always (1, 0). A connected IFG
is self y-centered if each node has same p-eccentricity. Hence a complete p-perfect
intuitionistic fuzzy graph is self pu-centered.

Let G = <V,E> be a complete v-perfect intuitionistic fuzzy graph with n vertices. The
eccentricity e(v) = (ey(v),e,(v)) of each vertex is always (0, n-1). A connected IFG is
self v-centered if each node has same v-eccentricity. Hence a complete v-perfect
intuitionistic fuzzy graph is self v-centered.

4.5 Theorem: The status of complete p-perfect intuitionistic fuzzy graph is
(O(G) — 1, 0) and complete v-perfect intuitionistic fuzzy graph is (0, (n-1)(0O(G) — 1))
where n is the number of vertices.

Proof:

Let G be a complete u-perfect intuitionistic fuzzy graph with n vertices. Then we
have the distance (v, w) = (8,(v, w), d,(v, w) ) = (1, 0) for any v, w € V. The
status of each vertex is sum of the distance between that vertex and all other
vertices. Thus the status of each vertex is (O(G) — 1, 0).

Let G be a complete v-perfect intuitionistic fuzzy graph with n vertices. Then
we have the distance d(v, w) = (du(v, w), d,(v, w) ) = (0, n-1) for any v, w € V. The
status of each vertex is sum of the distance between that vertex and all other
vertices.

Thus the status of each vertex is ( 0, (n-1)(O(G) — 1) ).

4.6 Corollary: The median of each vertex of a complete y-perfect intuitionistic fuzzy
graph is (O(G) — 1, 0) and a complete v-perfect intuitionistic fuzzy graph is
(0, (n-1)(O(G) — 1) ) where n is the number of vertices.

4.7 Remark: In a complete p-perfect intuitionistic fuzzy graph and complete
v-perfect intuitionistic fuzzy graph, all vertices are median vertices.

4.8. Example:

Consider the complete y-perfect intuitionistic fuzzy graph in Fig.8. Here n = 3 and
O(G) = (3, 0).

s(vy) = s(v2) = s(v3) = (2, 0). Hence s(G) = (2, 0).

Also the median M(G) = (2, 0) and Median vertex set = { v1,V2,V3 }.
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Consider the complete v-perfect intuitionistic fuzzy graph in Fig. 10. Here n = 3 and
O(G) = (3, 0).

Here s(v1) = s(v2) = s(v3) = (0, 4). Hence s(G) = (0, 4).
Also the median M(G) = (0, 4) and Median vertex set = { v1,Vo,V3 }.

4.9 Theorem: The total status of a complete p-perfect intuitionistic fuzzy graph is
(n[O(G) - 1], 0) and a complete v-perfect intuitionistic fuzzy graph is
(0, n(n-1)(O(G) — 1) ) where n is the number of vertices.

Proof:

Let G be a complete y-perfect intuitionistic fuzzy graph with n vertices. By theorem
4.5, the status of each vertex of G is (O(G) — 1, 0). The total status of an IFG is
t[s(G)] = (t.[s(G1. t.[s(G]D) where t,[s(G] is the sum of p-status of all the vertices of
G and t,[s(G] is the sum of v-status of all the vertices of G. Hence the total status of
a complete p-perfect intuitionistic fuzzy graph is (n[O(G) — 1], 0).

Similarly, let G be a complete v-perfect intuitionistic fuzzy graph with n vertices. By
theorem 4.5, the status of each vertex of G is (0, (n-1)[O(G) — 1]). By the definition
of total status, we get the total status of a complete v-perfect intuitionistic fuzzy
graph is ( 0, n(n-1)(0O(G) — 1)).

4.10 Theorem: Every p-perfect intuitionistic fuzzy graph and v-perfect intuitionistic
fuzzy graph is a self median intuitionistic fuzzy graph.

Proof:

Let G be a complete p-perfect intuitionistic fuzzy graph with n vertices and n > 2. By
theorem 4.5, the status of each vertex of G is (O(G) — 1, 0). Hence minimum status
m[s(G)] = maximum status M[s(G)] = (O(G) — 1, 0). Thus G is a self median
intuitionistic fuzzy graph.

Let G be a complete v-perfect intuitionistic fuzzy graph with n vertices and n = 2. By
theorem 4.5, the status of each vertex of G is ( 0, (n-1)(O(G) — 1) ).

Hence m[s(G)]=M[s(G)] = ( O, (n-1)(O(G) — 1) ). Thus G is a self median
intuitionistic fuzzy graph.

4.11 Theorem: Every p-perfect intuitionistic fuzzy graph and v-perfect intuitionistic
fuzzy graph is a regular intuitionistic fuzzy graph.

Proof:

Let G be a complete p-perfect intuitionistic fuzzy graph or v-perfect intuitionistic
fuzzy graph with n vertices. Then every vertex of G gets equal degree. Then the
closed neighbourhood degree of every vertex is the same. So we have
On(G)=(0nu(G),0n(G)) = (Anu(G),Ani(G)) = AN(G). Thus G is regular intuitionistic
fuzzy graph.

4.12 Theorem: In any p-perfect intuitionistic fuzzy graph or v-perfect intuitionistic

fuzzy graph, the strength of connectivity (CONNg, (X, ¥), CONNg, (X, ¥) )=( H2(X, ¥),
v2(X, y) ) forall x, y e V.
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Proof:

Let G be a p-perfect intuitionistic fuzzy graph, the strength of connectivity
(CONNg, (X, ¥), CONNgy (X, ¥)) = (1, 0) for all x, y € V. Also the membership value
and non membership  value of each edge is (1, 0). Hence
(CONNGH (X1 y)1 CONNGU(XI Y)) = (“2(X1 y)1 U2()(1 y)) for all X,y € V.

Let G be a v-perfect intuitionistic fuzzy graph, the strength of connectivity
(CONNg, (X, ¥), CONNgy(x, ¥)) = (0, 1) for all X, y € V. Also the membership value
and non membership  value of each edge is O, 1). Hence
(CONNGIJ (X1 y)1 CONNGU(XI Y)) = (“2(X1 y)1 U2()(1 y)) for all X,y € V.

REFERENCES

1. Atanassov, K.T. Intuitionistic fuzzy sets: theory and applications, Physica, New York,
1999.

2. Bhattacharya, P.(1987). Some Remarks on fuzzy graphs, Pattern Recognition Letter,
6: 297-302.

3. Bhutani, K. R. and Azriel, Rosenfeld.(2003).Strong arcs in Fuzzy Graphs, Information
Science, 152:319 — 322.

4. Nagoor Gani, A. and Basheer Ahamed, M.(2009). Perfect fuzzy graphs, Bulletin of Pure
& Applied Sciences-Mathematics,Vol.28, 2009.

5. Nagoor Gani, A. and Chandrasekaran, V.T. Fuzzy Graph Theory, Allied Publishers Pvt.
Ltd., 2010.

6. Nagoor Gani, A. and Shajitha Begum,S.(2010). Degree, Order and Size in Intuitionistic
Fuzzy Graphs, International Journal of Algorithms, Computing and Mathematics, Vol.
3(No0.3):11-16.

7. Nagoor Gani, A. and Shajitha Begum, S.(2010). Status in Intuitionistic Fuzzy Graphs,
Proceedings of International Conference on emerging trends in Mathematics and
computer applications, Dec 16-18, 2010, p.153 -157.

8. Parvathi, R. and Karunambigai, M.G.(2006).Intuitionistic Fuzzy Graphs, Computational
Intelligence, Theory and applications, International Conference in Germany, Sept 18 -
20, 2006.

9. Rosenfeld, A. Fuzzy graphs. In LA. Zadeh, KS. Fu, M. Shimura (eds.) Fuzzy sets and
their applications, Academic, New York, 1975.

10. Zadeh, L.A.(1975). Fuzzy sets, Information and Control, 8:338 — 353 (1975)

152



