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SECTION—A (5x2=10)
ANSWER ALL THE QUESTIONS

. Prove that ||x + yl[,, < [Ixll, + llyll,

State and prove Schwarz inequality.
If T is an operator on H then prove that 7 is normal if and only if its real and imaginary
parts commute.
Define the determinant.
Define Banach algebra.
SECTION—B (5x6=30)

ANSWER ANY FIVE QUESTIONS
State and prove open mapping theorem
If M and N are closed linear subspaces of a Hilbert space H such that M L N, then prove

that the linear subspace M+N is also closed.
Let{e.e,,....e,} be a finite orthonormal set in a Hilbert space H. If x is any vector in H,

n

then prove that ) |(x,e,) > <Il xI; and also prove that x— Y (x,¢,)e, Le, for each .

i=1 i=1
If P is a projection on H with range M and null space N, then prove that M L N if and only
if P is self-adjoint and N = M *.

If N;and N; are normal operators on H with the property that either commutes with the
adjoint of the other then prove that N;+N, and N;N; are normal.

Prove that two matrices in A,, are similar if and only if they are the matrices of a single
operator on H relative to different bases.

Prove that the set G is regular elements of Banach algebra A is open.
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SECTION—C (3x20=60)
ANSWER ANY THREE QUESTIONS

13. State and prove Hahn-Banach theorem.

14. a) Let H be a Hilbert space, and let {el.}be an orthonormal set in H. Prove that the
following conditions are all equivalent to one another
(i) {e,} is complete.
(i) xL{e}=>x=0
(ii1) if x 1s an arbitrary vector in H, then x = Z (x, e, ) e;
(iv) if x is an arbitrary vector in H, then ||x||2 = Z‘(x, el.)‘2

b) If {¢,} is an orthonormal set in a Hilbert space H, and if x is an arbitrary vector in H

then prove that x—Y_(x,¢)e, L e foreachj.

15. a) Prove that the ad joint operation T — 7" on B (H) has the following properties:

1" =T o|r|=|r]  e|rT|=|r|’

b) If T is an operator on H for which (7x,x)=0 for all x then prove that 7=0.

16. State and prove the Spectral theorem.

17. a) If the regular elements of a Banach algebra A are denoted by G then prove that the

mapping x — x~ of G into G is continuous and is a homeomorphism of G onto itself.
b) Prove that the boundary of the set of all singular elements S is a subset of the set all

topological divisors of zero Z.
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