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Q. 

No. 

SECTION A (𝟓 × 𝟐 = 𝟏𝟎) 

Answer ALL questions 

CO KL 

1. Define counting process. 1 1 

2. Define n-step transition probabilities. 1 1 

3. When we say that the chain is ergodic. 1 1 

4. Let 1 2, ,...X X  be independent random variables with 0 mean; 

and let 
1

.
n

n i

i

Z X


  Then prove that  , 1nZ n   is a 

martingale. 

1 1 

5. Define Gaussian processes. 1 1 

Q. 

No. 

SECTION B (𝟏𝟎 × 𝟏 = 𝟏𝟎) 

Answer ALL questions 

CO KL 

6 In a counting process  N t  must satisfy, for 

   ,s t N t N s   equals the number of  events that 

occurred in the interval is _____________ 

(A)  ,s t            (B)  ,s t        (C)  ,s t            (D)   ,s t  

2 2 

7. , 1,2,...nX n   are independent identically distributed 

exponential random variables having mean  _____________ 

(A)                 (B)  2              (C)   
1


           (D) 

2

1


 

2 2 

8. State  j is said to be  accessible from state i if for some ____ 

(A) 0, 0n

ijn P                        (B)  0, 0n

ijn P      

(C)       0, 0n

ijn P                         (D)  0, 0n

ijn P   

2 2 

9. A probability distribution  , 0jP j   is said to be stationary 

for the Markov chain if_________ 

(A)  
0

j i j

i

P PP




                               (B)  
0

i i ij

i

P PP




     

(C) 
0

j i ij

i

P PP




                                 (D) 
0

i j ij

j

P P P




  

2 2 
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10. A continuous-time Markov chain is said to be regular if, 

_________ 

(A) with probability 1, the number of transitions in any 

infinite length of time is finite. 

(B) with probability 0, the number of transitions in any 

infinite length of time is infinite. 

(C) with probability 1, the number of transitions in any 

finite length of time is finite. 

(D) with probability 1, the number of transitions in any 

finite length of time is infinite 

2 2 

11. A continuous-time Markov chain with states 0,1,…  for 

which 0ijq   whenever _______ is called a birth and death 

process. 

(A) 1i j       (B) 1i j        (C) 1i j       (D) 1i j   

2 2 

12. Let 
1, 2 ,...X X  be independent random variables with 0 

mean and let 
1

n

n i

i

Z X


 , then  ______ 

(A)  1 1| ,...,n n nE Z Z Z Z       

(B)   1 1 1| ,...,n n nE Z Z Z Z   

(C)   1 1 1| ,...,n n nE Z Z Z Z    

(D)  1| ,...,n n nE Z Z Z Z  

2 2 

13 If   , 1iZ i  is a submartingale and N a stopping time such 

that _______, then 𝐸[𝑍1] ≤ 𝐸[𝑍𝑁] ≤ 𝐸[𝑍𝑛]. 

(A)   1P N n                       (B)   1P N n      

  (C)   1P N n                      (D)   1P N n   

2 2 

14. A stochastic process   , 0X t t     is said to be Brownian 

motion process if. 

(A) for every   0,t X t is normally distributed with 

mean 0 and variance 2c . 

(B) for every   0,t X t is normally distributed with 

mean 0 and variance 2c . 

(C) for every   0,t X t is normally distributed with 

mean 0 and variance 2c t . 

(D) for every   0,t X t is normally distributed with 

mean 0 and variance 2c t . 

2 2 
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15. The Brownian Bridge can be defined as a Gaussian process 

with mean 0 and _________________  

(A) covariance function  1 ,s t s t  . 

(B) covariance function  1 ,s t s t  . 

(C) covariance function  1 ,s t s t  . 

(D) covariance function  1 ,s t s t  . 

2 2 

Q. 

No. 

SECTION C (𝟐 × 𝟏𝟓 = 𝟑𝟎) 

Answer ANY TWO questions 

CO KL 

16. Let 1 2, ,..., n    denote the ordered values from a set of n 

independent uniform  0,t  random variables. Let 1 2, ,Y Y be 

independent and identically distributed nonnegative random 

variables are also independent of  1 2, ,..., n   Then prove 

that 𝑃{𝑌1 + ⋯ + 𝑌𝑘 < 𝜏𝑘, 𝑘 = 1,2, … , 𝑛| 𝑌1 + ⋯ + 𝑌𝑛 = 𝑦} 

= {
1 −

𝑦

𝑡
0 < 𝑦 < 𝑡

0 otherwise
. 

3 3 

17. (i) Prove that communication is an equivalence relation. 

(ii) If ,i j  then prove that    d i d j .                     (8+7) 

3 3 

18. Consider a Yule process with  0 1.X   Compute the 

expected sum of the ages of the members of the population at 

time t.                           

3 3 

19. If N is a random time for the martingale  nZ , then prove 

the stopped process  nZ  is also a martingale.     

3 3 

Q. 

No. 

SECTION D (𝟐 × 𝟏𝟓 = 𝟑𝟎) 

Answer ANY TWO questions 

CO KL 

20. Prove that an irreducible aperiodic Markov chain belongs to 

one of the two classes: 

(i) Either the states are all transient or all null recurrent; in 

this case, 𝑃𝑖𝑗
𝑛 → 0 as 𝑛 → ∞, for all 𝑖, 𝑗 and there exists no 

stationary distribution. 

(ii) or else, all states are positive recurrent, i.e., 𝜋𝑗 =

lim
𝑛→∞

𝑃𝑖𝑗
𝑛 > 0. In this case, {𝜋𝑗 , 𝑗 = 0,1,2, … } is a stationary 

distribution and there exist no other stationary distribution. 

4 4 

..4 
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21. Discuss two birth and death processes. 4 4 

22. Players X, Y and Z contest the following game. At each stage 

two of them are randomly chosen in sequence, with the first 

one chosen being required to give 1 coin to the other. All of 

the possible choices are equally likely and successive choices 

are independent of the past. This continues until one of the 

players has no remaining coins. At this point that player 

departs and the other two continue playing until one of them 

has all the coins. If the players initially have x, y and z coins, 

find the expected number of plays until one of them has all 

the s x y z    coins.      

4 4 

23. Discuss Brownian motion absorbed at a value.    4 4 

Q. 

No. 

SECTION E (𝟐 × 𝟏𝟎 = 𝟐𝟎) 

Answer ANY TWO questions 

CO KL 

24. Given that    ,N t n  prove that the n arrival times 

1 2, ,..., nS S S  have the same distribution as the order statistics 

corresponding to 𝑛 independent random variables uniformly 

distributed on the interval  0,t .    

5 5 

25. 
Prove that state j is recurrent, if and only if 

1

n

jj

n

P




  . 
5 5 

26. Discuss a simple Epidemic model. 5 5 

27. Discuss Integrated Brownian motion.    5 5 

 
 


