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Q. 

No. 

SECTION A (𝟓 × 𝟐 = 𝟏𝟎) 

Answer ALL questions 
CO KL 

1. Define a regular measure on ℝ. 1 1 

2. Give an example of an integrable function on [0, 1]. 1 1 

3. State whether every algebra is a ring. 1 1 

4. What is meant by a signed measure. 1 1 

5. Mention the x-section and y-section of a set E. 1 1 

Q. 

No. 

SECTION B (𝟏𝟎 × 𝟏 = 𝟏𝟎) 

Answer ALL questions 
CO KL 

6. The outer measure of the set {𝑥 ∈ ℝ: sin 𝑥 = 0} is 

0                 (b) 1                    (c) 2             (d) ∞ 
2 2 

7. Which one of the following statements is correct? 

(a) Every measurable set is open.  

(b) Every bounded set is measurable. 

(c) Every set of finite outer measure is measurable. 

(d)  Every open set is an 𝐹𝜎-set. 

2 2 

8. If 𝑓 is measurable and 𝑔 is continuous, then 𝑔 𝜊 𝑓 is 

(a) continuous                (b) differentiable  

(c) measurable               (d) constant 

2 2 

9. Which of the following is NOT necessarily a Borel set in ℝ ? 

(a) Open interval  

(b) Closed interval  

(c) Countable intersection of open sets  

(d) Lebesgue measurable set. 

2 2 

10. Let ℳ be the class of all Lebesgue measurable subsets of ℝ. 

Then ℳ is 

(a) a ring but not a 𝜎-algebra 

(b) an algebra but not a 𝜎-algebra  

(c) a 𝜎-algebra  

(d) only a hereditary class. 

2 2 

11. Which convergence theorem requires the existence of an 

integrable dominating function? 

(a) Monotone Convergence Theorem  

(b) Fatou’s Lemma  

(c) Dominated Convergence Theorem. 

(d) Fubini’s Theorem 

2 2 

..2 
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12. A measurable set 𝐴 is called a positive set with respect to a signed 

measure 𝜈 if 

(a) 𝜈(𝐴) = 0. 

(b) 𝜈(𝐸) ≥ 0 for every measurable subset 𝐸 ⊂ 𝐴 

(c) 𝐴 is finite 

(d) 𝐴 is open. 

2 2 

13. The Radon–Nikodym derivative 
𝑑𝜈

𝑑𝜇
 is 

(a) always continuous                     (b) always bounded 

(c) a measurable function               (d) a constant 

2 2 

14. Under which condition is the existence of a product measure 

ensured for two measure spaces? 

(a) When both measures are bounded  

(b) When both measures are 𝜎-finite  

(c) When both spaces are finite  

(d) When both measures are continuous. 

2 2 

15. Which of the following sets of conditions characterizes a 

probability measure 𝑃 on a probability space (Ω, ℱ, 𝑃) according 

to Kolmogorov’s axioms? 

(a) 𝑃(𝐴) ≥ 0 for every event 𝐴, 𝑃(Ω) = 1, and 𝑃 is countably  

     additive on pairwise disjoint events  

(b) 𝑃(𝐴) ≤ 1 for every event 𝐴, 𝑃(∅) = 1, and 𝑃 is finitely  

      additive 

(c) 𝑃(𝐴) ≥ 0, 𝑃(Ω) = 0, and 𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) for all  

     events 

(d) 𝑃(𝐴) is bounded, 𝑃(∅) = 0, and 𝑃 is multiplicative on  

      disjoint events. 

2 2 

Q. 

No. 

SECTION C (𝟐 × 𝟏𝟓 = 𝟑𝟎) 

Answer ANY TWO questions 
CO KL 

16. Let 𝐸 ⊂ ℝ. Apply the regularity properties of Lebesgue outer 

measure to establish the equivalence of following statements: 

a) E is measurable. 

b) For all 𝜖 > 0, there exists an open set, 𝑂 ⊇ 𝐸 such that 

𝑚∗(𝑂 − 𝐸) ≤ 𝜖. 

c) There exists 𝐺, a 𝐺𝛿-set, 𝐺 ⊇ 𝐸 such that 

 𝑚∗(𝐺 − 𝐸) = 0. 

d) For all 𝜖 > 0, there exists a closed set, 𝐹 ⊆ 𝐸 such 

that 𝑚∗(𝐸 − 𝐹) ≤ 𝜖. 

e) There exists 𝐹, a 𝐹𝜎-set, 𝐹 ⊆ 𝐸 such that 

  𝑚∗(𝐸 − 𝐹) = 0. 

3 3 
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17. Let f  be a bounded function on a finite interval [𝑎, 𝑏]. Verify the 

equality between the Riemann integral of f and its corresponding 

Lebesgue integral whenever the Riemann integral exists. 

3 3 

18. Let f  be a measurable function and 𝐴 = {𝑥: 𝑓(𝑥) ≥ 0}. Using the 

properties of measurable functions and applying the basic results 

on integrals of non-negative functions, show that for  

𝑐 > 0,   𝜇({𝑥: 𝑓(𝑥) > 𝑐}) ≤ ∫ 𝑐−1𝑓
 

𝐴
𝑑𝜇. 

3 3 

19. Prove that a signed measure 𝜈 defined on a measurable space 

⟦𝑋, 𝒮⟧ decomposes the set X into a disjoint union of a positive set 

and a negative set. Also, determine the uniqueness of the 

decomposition. 

3 3 

Q. 

No. 

SECTION D (𝟐 × 𝟏𝟓 = 𝟑𝟎) 

Answer ANY TWO questions 
CO KL 

20. Let ℳ be the class of Lebesgue measurable sets. Prove that  ℳ 

is a 𝜎-algebra. 
4 4 

21. Let {𝑓𝑛} be a sequence of non-negative measurable functions. 

Analyze the behavior of lim inf 𝑓𝑛 and prove that 

∫ lim
𝑛→∞

inf 𝑓𝑛 𝑑𝑥 ≤ lim
𝑛→∞

𝑖𝑛𝑓 ∫ 𝑓𝑛 𝑑𝑥. 

4 4 

22. Justify the Randon-Nikodym Theorem. 4 4 

23. (i) Examine the statement: If 𝐸 ∈ 𝒮 × 𝒯, then 𝐸𝑥 ∈ 𝒯, 𝐸𝑦 ∈ 𝒮  

     for 𝑥 ∈ 𝑋, 𝑦 ∈ 𝑌.                                                      (5 marks) 

(ii) Let 𝑓(𝑥, 𝑦) =
𝑥2−𝑦2

(𝑥2+𝑦2)2 , (𝑥, 𝑦) ≠ (0,0). Show that 

     ∫ 𝑑𝑥
1

0
∫ 𝑓(𝑥, 𝑦)

1

0
𝑑𝑦 =

𝜋

4
 and ∫ 𝑑𝑦

1

0
∫ 𝑓(𝑥, 𝑦)

1

0
𝑑𝑥 = −

𝜋

4
. 

Also, explain why the results differ, even though the domain is 

the same.                                                                     (10 marks) 

4 4 

Q. 

No. 

SECTION E (𝟐 × 𝟏𝟎 = 𝟐𝟎) 

Answer ANY TWO questions 
CO KL 

24. Verify with reasoning: There exists a non-measurable subset      

of ℝ. 
5 5 
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25. If 𝜇 is a measure on a 𝜎-ring 𝒮, 𝒮̅ = {𝐸 ∆ 𝑁 ∶ 𝐸 ∈ 𝒮, 𝑁 ⊆

𝑀 for some 𝑀 ∈ 𝒮 with 𝜇(𝑀) = 0} and define 

 𝜇̅(𝐸 ∆ 𝑁) = 𝜇(𝐸). Validate the following statements: 

a) 𝒮̅ is a 𝜎-ring. 

b) 𝜇̅ is a complete measure on 𝒮̅ 

5 5 

26. Let 𝜈 be a signed measure on a measurable space ⟦𝑋, 𝑆⟧. Analyze 

how 𝜈 can be written as 𝜈 = 𝜈+ − 𝜈−, where 𝜈+ and 𝜈− are 

mutually singular measures and the decomposition is unique. 

5 5 

27. Let X be a random variable and 𝑀𝑋(𝑡) be finite for all |𝑡| < 𝜖, 

for some 𝜖 > 0. Substantiate the following properties: 

a) 𝐸|𝑋|𝑛 < ∞ for all 𝑛 ≥ 1. 

b) 𝑀𝑋(𝑡) = ∑ 𝑡𝑛 𝜇𝑛

𝑛!
∞
𝑛=0  for all |𝑡| < 𝜖. 

𝑀𝑋(. ) is infinitely differentiable on (−𝜖, 𝜖) and for 𝑟 ∈

ℕ, the rth derivative of 𝑀𝑋(. ) is 

 𝑀𝑋
(𝑟)(𝑡) = ∑ 𝑡𝑛 𝜇𝑛 +𝑟

𝑛!
∞
𝑛=0 = 𝐸(𝑒𝑡𝑋𝑋𝑟) for all |𝑡| < 𝜖.  

5 5 
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