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Q. No. SECTION A (𝟓 × 𝟐 = 𝟏𝟎) 

Answer ALL questions 

CO KL 

1. Define Borel sets. 1 1 

2. Define measurable function. 1 1 

3. Define outer measure and give an example.  1 1 

4. When do you say that a signed measure 𝜈 on ⟦𝑋, 𝒮⟧ is 𝜎-finite? 1 1 

5. State Cauchy-Schwarz inequality. 1 1 

 

Q. No. SECTION B (𝟏𝟎 × 𝟏 = 𝟏𝟎) 

Answer ALL questions 

CO KL 

6. For any set 𝐴 there exists a measurable set 𝐸 containing 𝐴 and such that  

(a) 𝑚∗(𝐴) = 𝑚(𝐸)                        (b) 𝑚∗(𝐴) ≠ 𝑚(𝐸) 

(c) 𝑚∗(𝐴) > 𝑚(𝐸)                        (d) none of these 

2 2 

7. Let [𝐼𝑛] be a finite set of intervals covering the rationals in [0,1]. Then 

∑ 𝑙(𝐼𝑛) is  

(a) 0               (b) 1               (c) ≥ 1           (d) ≤ 1 

2 2 

8. A measurable function 𝑓 is essentially bounded if  

(a) 𝑒𝑠𝑠 sup|𝑓| > ∞                         (b) 𝑒𝑠𝑠 sup|𝑓| < ∞ 

 (c) 𝑒𝑠𝑠 sup|𝑓| = ∞                         (d) 𝑒𝑠𝑠 sup|𝑓| ≠ ∞ 

2 2 

9. Which of the following is not true for integrable function 𝑓 

(a) 𝑓 = 0 a.e. ⇒ ∫ 𝑓 𝑑𝑥 = 0   

(b) if 𝑓 ≤ 𝑔 a.e. ⇒ ∫ 𝑓 𝑑𝑥 ≤ ∫ 𝑔 𝑑𝑥 

(c) 𝑓 is finite-valued a.e. 

(d) None of the above 

2 2 

10. A measure 𝜇 on ℛ is 𝜎- finite if, 

(a) 𝜇(𝐸𝑛) → ∞        (b) 𝜇(𝐸𝑛) = ∞       (𝑐) 𝜇(𝐸𝑛) < ∞        (d) 𝜇(𝐸𝑛) > ∞ 

2 2 

11. Which of the following is not true? 

(a)  The class of finite unions of intervals of the form [𝑎, 𝑏) forms a ring. 

(b) Every algebra is a ring 

(c)  Every 𝜎- algebra is a 𝜎-ring 

(d) Every 𝜎- ring is 𝜎-algebra 

2 2 

12. If two measures 𝜈1 and 𝜈2 are mutually singular then we denote it by  

(a) 𝜈1 ≥ 𝜈2      (b) 𝜈1 ⊥ 𝜈2     (c)𝜈1 → 𝜈2  (d) none of these 

2 2 

13. 𝐴 is a positive set with respect to the signed measure 𝜈 on ⟦𝑋, 𝒮⟧, if 

(a) 𝐴 ∈ 𝒮 and 𝜈(𝐸) ≥ 0 for all 𝐸 ⊆ 𝐴 

(b) 𝐴 ∈ 𝒮 and 𝜈(𝐸) > 0 for all 𝐸 ⊆ 𝐴 

(c) 𝐴 ∈ 𝒮 and 𝜈(𝐸) ≤ 0 for all 𝐸 ⊆ 𝐴 

(d) 𝐴 ∈ 𝒮 and 𝜈(𝐸) = 0 for all 𝐸 ⊆ 𝐴 

2 2 
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14. The variance of Bernoulli distribution is  

(a) 𝑛𝑝(1 − 𝑝)          (b) 𝑝(1 − 𝑝)            (c) 
1−𝑝

𝑝
             (d) 0 

2 2 

15. Let 𝑋 and 𝑌 be random variables on (Ω, ℱ, 𝑃) such that 𝐸|𝑋|𝑝 < ∞,

𝐸|𝑌|𝑝 < ∞ for some 1 ≤ 𝑝 ≤ ∞. Then (𝐸|𝑋 + 𝑌|𝑝)1/𝑝 ≤ (𝐸|𝑋|𝑝)1/𝑝 +

(𝐸|𝑌|𝑝)1/𝑝 

(a)  Cauchy-Schwarz inequality              (b)  Holder’s inequality 

(c)  Minkowski’s inequality                    (d)  Jensen’s inequality 

2 2 

 

Q. No. SECTION C (𝟐 × 𝟏𝟓 = 𝟑𝟎) 

Answer ANY TWO questions 

CO KL 

16. Show that the outer measure of an interval equals its length. 3 3 

17. State and prove Fatou’s lemma. 3 3 

18. Let 𝑓 and 𝑔 be integrable functions. Show that  𝑎𝑓 + 𝑏𝑔 is integrable and 

∫(𝑎𝑓 + 𝑏𝑔) 𝑑𝜇 = 𝑎 ∫ 𝑓 𝑑𝜇 + 𝑏 ∫ 𝑔 𝑑𝜇. If 𝑓 = 𝑔 a.e. then ∫ 𝑓 𝑑𝜇 = ∫ 𝑔 𝑑𝜇. 

3 3 

19. Let ⟦𝑋, 𝒮, 𝜇⟧ and ⟦𝑌, 𝒥, 𝜈⟧ be 𝜎-finite measure spaces. For 𝑉 ∈ 𝒮 × 𝒥 write 

𝜙(𝑥) = 𝜈(𝑉𝑥), 𝜓(𝑦) = 𝜇(𝑉𝑦), for each 𝑥 ∈ 𝑋, 𝑦 ∈ 𝑌. Prove that 𝜙 is 𝒮-

measurable, 𝜓 is 𝒥-measurable and ∫ 𝜙
 

𝑋
𝑑𝜇 = ∫ 𝜓 𝑑𝜈

 

𝑌
. 

3 3 

 

Q. No. SECTION D (𝟐 × 𝟏𝟓 = 𝟑𝟎) 

Answer ANY TWO questions 

CO KL 

20. Show that the following conditions on the set E are equivalent: 

(i) 𝐸 is measurable 

(ii) for all 𝜖 > 0 there exists an open set, 𝑂 ⊇ 𝐸 such that 𝑚∗(𝑂 − 𝐸) ≤

𝜖, 

(iii) there exists a  𝐺𝛿-set, 𝐺 containing 𝐸 such that 𝑚∗(𝐺 − 𝐸) = 0. 

4 4 

21. Discuss Riemann integrable over [𝑎, 𝑏]. Also prove that if 𝑓 is Riemann 

integrable and bounded over the finite interval [𝑎, 𝑏], then 𝑓 is integrable and 

𝑅 ∫ 𝑓
𝑏

𝑎
𝑑𝑥 = ∫ 𝑓

𝑏

𝑎
𝑑𝑥. 

4 4 

22. If 𝜇 is a measure on a 𝜎- ring 𝒮, show that 𝒮 of sets of the form 𝐸∆ 𝑁 for any 

sets 𝐸, 𝑁 such that 𝐸 ∈ 𝒮 where 𝑁 is contained in some set in 𝒮 of zero 

measure, is a 𝜎-ring, and the set function 𝜇 defined by 𝜇(𝐸∆𝑁) = 𝜇(𝐸) is a 

complete measure on 𝒮. 

4 4 

23. State and prove Lebesgue decomposition theorem. 4 4 

 

Q. No. SECTION E (𝟐 × 𝟏𝟎 = 𝟐𝟎) 

Answer ANY TWO questions 

CO KL 

24. Prove that every interval is measurable. 5 5 

25. Construct a non-measurable set of [0,1]. 5 5 

26. Let  𝜈 be a signed measure on ⟦𝑋, 𝒮⟧. Let 𝐸 ∈ 𝒮 and 𝜈(𝐸) > 0. Prove that 

there exists 𝐴,  a set positive with respect to 𝜈, such that 𝐴 ⊆ 𝐸 and 𝜈(𝐴) >

0. 

5 5 

27. If 𝒜 is an algebra, prove that 𝒮(𝒜) = ℳ0(𝒜). 5 5 

 
      


