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Section-A 

         Answer ALL the questions          (5x2=10)          

 

1. Define similar matrices and what is the number of similarity classes of 4 x 4 nilpotent 

matrices over a field F?                                                                                                                                                         

2. Define the Companion matrix of the polynomial ].[)( 1

110 xFxxxxf rr

r  

   

3. If 22: RRT   is a linear transformation whose matrix with respect to the standard basis of 

R2 is 






 

01

10
, then find all the subspaces of R2 invariant under T.  

4. Define an orthogonal matrix and what can you say about the determinant of an orthogonal 

matrix?   

5. Define a bilinear form on a vector space  and give an example.                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                      

                                                                       Section-B 

     Answer any FIVE questions     (5x6=30) 

 

6. If S and T are nilpotent transformations which commute, prove that ST and S + T are 

nilpotent transformations. 

7. Suppose that 21 VVV  , where V1 and V2 are subspaces of  V invariant under T. Let T1 and 

T2 be the linear transformation induced by Ton V1 and V2, respectively. If the minimal 

polynomial of T1 over F is )(1 xp while that of T2 is )(2 xp , then prove that the minimal 

polynomial for T over F is the least common multiple of )(1 xp  and )(2 xp . 

8. Let T be a linear operator on an n-dimensional vector space V. Then prove that the 

characteristic and minimal polynomials for T  have the same roots, except for multiplicities. 

9. Prove that for any linear operator T on a finite dimensional inner product space V, there is a 

unique linear operator T* on V such that ),|()|( * TT   for all V , . 

10. Let V be a complex vector space and f a form on V such that f(α, α) is real for every α. Then 

prove that f is Hermitian. 

11. If V is n-dimensional vector space over F and if  )(VAT  has all its characteristic roots in 

F, then prove that T satisfies a polynomial of degree n over F. 

12. Let F be the field of real numbers or the field of complex numbers. Let A be an n × n 

matrix over F. The function g defined by XAYYXg *),(   is a positive form on the space  

𝐹𝑛×1 if and only if there is an invertible 𝑛 × 𝑛 matrix P with entries in F such that        

𝐴 =   𝑃 ∗ 𝑃. 
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Section-C 

Answer any THREE questions   (3x20=60) 

 

13. (a)  If T )(VAF is nilpotent, of index of nilpotent n1, then prove that there is a basis  

          of V in which the matrix of T has the form [

𝑀𝑛1
0

0
⋮
0

𝑀𝑛2

⋮
0

⋯ 0
⋯
⋱
…

0
⋮

𝑀𝑛𝑟

]   

                where rnnn  21 and where ).(dim21 Vnnn Fr    

        (b)  Find the characteristic roots of the matrix 
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025

. Is this triangulizable over the    

               field  of rational numbers? Give reasons for your answer.   (15+5) 

 

 

14.  (a) Prove that two elements S and T in AF(V) are similar in AF(V) if and only if they  

          have the same elementary divisors. 

     (b) Suppose the two matrices A, B in Fn are similar in Kn where K is an extension of F.  

           Prove that A and B are already similar in Fn.    (15+5) 

 

15.  (a)  Let T be a linear operator on a finite dimensional vector space V. If f is the  

        characteristic polynomial for T, then prove that f (T) = 0. 

 (b)  Let V be a finite dimensional vector space over a field F and let T be a linear operator       

      on V.  Then prove that T is diagonalizable if and only if the minimal polynomial for     

        T  has  the form ),())(()( 21 kcxcxcxxp    where kccc ,,,, 21  are distinct  

        elements.          (10+10) 

 

16. (a) Let V be a finite-dimensional inner product space, and f a linear functional on V. Then  

      prove that there exists a unique vector β in V such that 𝑓(𝛼) = (𝛼|𝛽), for all α in V. 

(b) Whether the result given in (a) is true if V is infinite dimensional?  If it is true, prove  

      the result for infinite dimensional inner product space. If the result is false, give a  

      counter example to disprove it.      (10+10) 

 

17.  (a)  Let V be a finite dimensional inner product space and f be form on V. Prove that there  

        is a unique linear operator T on V such that )|(),(  Tf  , for all α, β in V, and  

        the map Tf   is an isomorphism of space of forms onto L(V, V). 

 (b)  State and prove Principal Axis theorem.       (10+10) 

 

 
 

 

 

 

 

 

 


