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SECTION – A 

 

Answer all the questions (5 × 2 = 10) 

 

1. Define unit speed curve.  

2. When a surface is said to be smooth? Give an example.  

3. Show that every isometry is a conformal map.  

4. Define principal curvatures.  

5. Prove that any geodesic has constant speed.  

 

SECTION – B 

 

Answer any five questions (5 × 6 = 30) 

 

6. Define arc length and calculate it for the catenary 𝛾(𝑡) = (𝑡, 𝑐𝑜𝑠ℎ𝑡) starting at the point (0,1).  

7. Find the equation of the tangent plane of the surface 𝜎(𝑟, 𝜃) = (𝑟𝑐𝑜𝑠ℎ𝜃, 𝑟𝑠𝑖𝑛ℎ𝜃, 𝑟2) at 

(1,0,1). 

8. Calculate the first fundamental form of a sphere 𝜎(𝜃, 𝜑) = (𝑐𝑜𝑠𝜃 𝑐𝑜𝑠𝜑, 𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜑, 𝑠𝑖𝑛𝜃).  

9. State and prove Meusnier’s theorem.  

10. Let 𝑁 be the standard unit normal of a surface patch 𝜎(𝑢, 𝑣). Then prove that  

𝑁𝑢 = 𝑎𝜎𝑢 + 𝑏𝜎𝑣 and 𝑁𝑣 = 𝑐𝜎𝑢 + 𝑑𝜎𝑣 where (
𝑎 𝑐
𝑏 𝑑

) = −ℱ𝐼
−1ℱ𝐼𝐼.  

11. Find the gaussian curvature, mean curvature and principal curvatures for any surface patch    

 𝜎(𝑢, 𝑣).  

12. Prove that a curve on a surface is a geodesic if and only if its geodesic curvature is zero 

everywhere.  
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SECTION – C 

Answer any three questions (3 × 20 = 60) 

 

13. Let 𝛾(𝑡) be a regular curve in ℝ3. Then prove that its curvature is 𝜅 =
‖𝛾̈×𝛾̇‖

‖𝛾̇‖3
 and its torsion    

is 𝜏 =
(𝛾̇×𝛾̈)∙𝛾⃛

‖𝛾̇×𝛾̈‖2
.    

         

14. (a)  Let 𝑈 and 𝑈̃ be open subsets of ℝ2 and let 𝜎: 𝑈 → ℝ3 be a regular surface patch. Let  

      Φ: 𝑈̃ → 𝑈 be a bijective smooth map with smooth inverse map Φ−1: 𝑈 → 𝑈̃. Then  

      prove that 𝜎̃ = 𝜎 ∘ Φ: 𝑈̃ → ℝ3 is a regular surface patch. 

(b) Describe an atlas for the surface obtained by translating a curve.           (10+10) 

 

15.  Prove that a diffeomorphism 𝑓: 𝑆1 → 𝑆2 is conformal if and only if, for any surface patch 𝜎1     

 on 𝑆1, the first fundamental forms of 𝜎1 and 𝑓 ∘ 𝜎1 are proportional.   

 

16. (a) State and prove Euler’s theorem.  

 (b) Compute the second fundamental form of the elliptic paraboloid  

𝜎(𝑢, 𝑣) = (𝑢, 𝑣, 𝑢2 + 𝑣2).                (10+10) 

 

17. Prove that the gaussian curvature of a surface is preserved by isometrics.    
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