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                                                                                       Section A  

                                                         Answer all questions (2 × 2 =4) 

 

1. Define a Schauder basis and give an example. 

2. Prove that ‖𝐴∗‖ = ‖𝐴‖ where A ∈ BL(H) and H is a Hilbert space. 

 

                                                                                     Section B 

                                                         Answer any two questions (2 × 6 = 12) 

 

3. Prove that a linear map on a linear space X may be continuous with respect to some 

     norm on X, but discontinuous with respect to another norm on X.  Illustrate with an 

     example.  

4. Prove: Let X be a normed space and E be a subset of X. Then E is bounded in X if and  

    only if f (E) is bounded in K for every f ∈ 𝑋′. 

5.  Let  {𝑢𝛼} be an orthonormal set in a Hilbert space H. Then show that the following 

     conditions are equivalent. 

     a) span {𝑢𝛼} is dense in H. 

     b) If x ∈ H and 〈𝑥, 𝑢𝛼〉 = 0 for all α, then x = 0. 

 

                                                                          Section C 

                                                        Answer any two questions (2 × 17 = 34)  

 

6. (a) Let X and Y be Banach spaces and 𝐹: 𝑋 → 𝑌 be a closed linear map. Then prove that F  

          is continuous. 

    (b) If X and Y are normed spaces and X ≠ 0. Then prove that BL (X, Y) is a Banach space 

          in the operator norm if and only if Y is a Banach space. 

                                                                                                                                     (9+8)                                                                                                                                      

7. (a) Let X be a separable normed space. Prove that every bounded sequence in 𝑋′ has a 

         weak* convergent subsequence. 

    (b) State and prove Riesz representation theorem. 

                                                                                                                                     (7+10)                                                                                                                   

8. (a) Let H be a Hilbert space and A ∈ BL(H). Then prove that there is a unique B ∈ BL(H) 

         such that for all x, y ∈ H, 〈𝐴(𝑥), 𝑦〉 =  〈𝑥, 𝐵(𝑦)〉. 
    (b) State and prove Generalized Schwarz inequality. 

    (c) Prove that in a Hilbert space H, if A, B ∈ BL(H) are normal and if A commutes with 

          B* and B commutes with A*, then A+B and AB are normal.                     

                                                                                                                                    (6+7+4) 
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