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SECTION –A 

Answer ALL the questions (32=6) 

1. Let 𝑉 = ℝ2 be a vector space over the field ℝ of real numbers. Check whether the subset 

𝑊1 = {(𝑎, 𝑏) ∣ 𝑎 ≥ 0, 𝑏 ≥ 0} ⊆ 𝑉 is a subspace of 𝑉. 

2. Show that the orthogonal complement of a subspace of a vector space 𝑉 is a subspace of 𝑉. 

3. Construct an isomorphism from the vector space of symmetric 2 × 2 matrices onto ℝ3. 

 

SECTION –B 

Answer ANY THREE questions (38=24) 

4. Prove that if V is the internal direct sum of 𝑈1, 𝑈2, … , 𝑈𝑛, then V is isomorphic to the external direct sum 

of 𝑈1, 𝑈2, … , 𝑈𝑛. 

5. Prove that if 𝑉 is a vector space and 𝑢, 𝑣 ∈ 𝑉, then |⟨𝑢, 𝑣⟩| ≤ ‖𝑢‖ ‖𝑣‖.  

6. Prove that if 𝑉 is finite-dimensional vector space over 𝐹, then 𝑇 ∈ 𝐴(𝑉) is regular if and only if 𝑇 maps 

𝑉 onto 𝑉. 

7. Orthogonally diagonalize the matrix [
1 2 −2
2 4 −4

−2 −4 4
]. 

SECTION –C 

Answer ANY ONE question (120=20) 

8. (a) State and prove the homomorphism theorem for vector spaces. 

(b) Prove that if 𝑣1, 𝑣2, … , 𝑣𝑛 is a basis of the vector space 𝑉 over 𝐹, and if 𝑤1, 𝑤2, … , 𝑤𝑚 in 𝑉 are 

linearly independent over 𝐹, then 𝑚 ≤ 𝑛.                 (10+10) 

9. (a) State and prove Gram-Schmidt orthogonalization process. 

(b) Let 𝑈 be a vector space with bases 𝐵 and 𝐵′. Let 𝑃 be the transition matrix from 𝐵′ to 𝐵. If 𝑇 is a 

linear operator on 𝑈, having matrices 𝐴 and 𝐴′ with respect to the bases 𝐵 and 𝐵′ respectively, then 

obtain the relation between 𝑃, 𝐴 and 𝐴′.          (12 + 8) 
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