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SECTION – A              ( 5 X 8 = 40 ) 

 

ANSWER ANY FIVE QUESTIONS 

 
1. If G  is a finite group and if Ga ∈ , prove that the number of elements conjugate 

to a in G  is equal to the index of the normalizer of a  in G . 

2. Show that no group of order 30 is simple. 

3. If p  is a prime number of the form 14 +n , prove that 22
bap += , for some 

integers ba, . 

4. State and prove the Eisenstein Criterion about the irreducibility of a polynomial 

with integer coefficients. 

5. If V is n-dimensional over F and if )(VAT ∈  has all its characteristic roots in F, 

prove that T satisfies a polynomial of degree n over F. 

6. If R  is an Euclidean ring, prove that any two elements Rba ∈,  have a greatest 

common divisor of the form ba µλ + , for some R∈µλ, . 

7. a)  Define a nilpotent linear transformation. 
b) show that a nilpotent linear transformation does not admit any non-zero eigen    

      value. 

 

SECTION – B              ( 3 X 20 = 60 ) 

 

ANSWER ANY THREE  QUESTIONS 

 

8. Prove that every finite abelian group is the direct product of cyclic groups. 

9. a)  Prove that J(i), the ring of Gaussian integers, is a Euclidean ring. 

b) Show that any ideal in a Euclidean ring is a principal ideal. 

10. a)  If p  is prime, prove that the polynomial 12 ...1 −++++ p
xxx  is irreducible  

over the field of rational numbers. 

b) If R is unique factorization domain and if p(x) is a primitive polynomial in 
R[X], prove that p(x) can be factored in a unique way as the product of 

irreducible elements in R[x]. 
11. Prove that two nilpotent linear transformation are similar if and only if they have 

the same invariants. 
12. If )(VAT ∈  has all its characteristic roots in F, then prove that there exists a basis 

of V in which the matrix of T  is triangular. 
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